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ABSTRACT
In this diploma thesis we tried to model liquidity risk with the use of copula functions. We
presented theoretical background for both areas, theory of copulas and liquidity risk.
Empirical work is focusing more on the liquidity in CEE countries and especially in
Slovakia and Czech Republic. In this part we created a market liquidity index for Slovak
financial market and analyzed affects of liquidity problems during the financial crisis on
the overall liquidity in this market. Furthermore, we modelled the possibility of market
contagion of liquidity risk in Czech banking sector, based on loan-to-deposit ratios of
Komerční banka, Česká spořitelna and GE Money Bank.

ABSTRAKT
V tejto diplomovej práci sme sa pokúsili modelovať likviditné riziko s pomocou
kopulových funkcií. Prezentovali sme teoretické pozadie pre obe oblasti, teóriu kopúl a
likviditné riziko. Empirická časť sa zameriava viac na likviditu v štátoch strednej a
východnej Európy a hlavne na Slovensku a Českej republike. V tejto časti sme vytvorili
trhový likviditný index pre slovenský finančný trh a analyzovali dopad likviditných
problémov počas finančnej krízy na celkovú likviditu na tomto trhu. Ďalej sme modelovali
možnosť zamorenia trhu v dôsledku likviditného rizika v českom bankovom sektore, na
základe ukazovateľa celkových úverov k celkovým vkladom Komerčnej banky, Českej
sporitelne a GE Money Bank.
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The problem of keeping appropriate liquidity belongs to the basic challenges that
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Hypothesis:


Copula functions are appropriate to model the market contagion.
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Introduction

The main purpose of this diploma thesis is to introduce and analyze liquidity risk and
copula functions in accordance to create a model that would illustrate how to quantify
possible market contagion of liquidity risk. Each of these two main areas is described in
detail, where theoretical parts are often supported by empirical data.
Chapter 2 sets liquidity and liquidity risk into the context of risk management.
It describes the very nature of liquidity risk and shows how it can be handled in reality. To
be able to handle the problem of liquidity risk, we need to know what we are up against,
know how to measure it and how to manage it. The section of measuring liquidity risk is
introducing a range of ways how to possess liquidity risk from basic liquidity ratios to the
most recent and advanced measuring techniques of implementing liquidity risk already into
a value of an asset. The section of management of liquidity risk is mainly focusing on
describing tools that central bank can use to affect liquidity in a financial market. Final
section of chapter 2 shows how in reality these tools of management of liquidity risk are
implemented when a time of stress comes along. This section that elaborates more on the
role of liquidity risk in recent financial crisis is the best example of the importance of a
proper measuring and managing this risk.
Chapter 3 is introducing the copula theory, as a new tool of measuring
dependencies that can be implemented in risk management. This tool is an improvement
that helps to be more exact in describing the dependency as previous statistical tools,
allowing not only linear, but also non-linear dependencies. This chapter includes
description of different measures of dependence, which are compared to copulas. From a
wide range of different kinds of copulas, we choose the main parametric copula functions
from elliptical and Archimedean families that serves enough for our purposes. For
implementation of copulas on real data, we first show how to estimate parameters of
copulas and also how to choose a copula function that fits the best.
Chapter 5 is an empirical part of this thesis. Data were gathered from Bankscope
database, annual reports, and financial results of banks of Central and Eastern European
(CEE) countries. Furthermore we used data from stock markets in Prague (PSE) and
Bratislava (BSSE) and also from Czech National Bank (CNB) and National Bank of
Slovakia (NBS). The whole empirical section has three subsections.
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The first subsection shows the level of liquidity in banking sector of CEE countries
that is measured by basic liquidity ratios. These ratios serve not only as a measure of
liquidity, but also of effectiveness of banks behaviour in considered countries.
The second subsection is recovering market liquidity index for Slovakia in period
from January 2003 to December 2008. This index is created in the similar way as it is
measured for other countries. It is based mainly on market liquidity index created for
Czech Republic by CNB. This subsection tries to describe more in detail the development
of each of the factors that creates this index with respect to the liquidity problems in the
last quarter of 2008. These factors are also compared to identical factors used for
computation market liquidity index for Czech Republic. Finally, market liquidity index for
Slovak financial market is compared to the similar index for U.K. and Czech Republic,
where look closer to the financial crisis affect on the market liquidity in these countries.
The third subsection is implementing copula functions for quantifying possibility of
market contagion in Czech banking sector. Copulas are very often used in modelling of
credit risk and for finding so-called value at risk. This is usually done on the level of one
bank with respect to possible defaults of its clients. However, in the case of our modelling,
we are on the level of banking sector with respect to bank runs or liquidity problems of
individual banks. For these purposes, we used three banks with the highest number of
available data – Komerční banka, Česká spořitelna and GE Money Bank. Quantification of
market contagion is computed with the use of loan-to-deposit ratio that is still in common
use. This ratio is used as a sign of funding liquidity conditions in a bank. By using
conditional probabilities we compute probabilities of deterioration of these conditions in
one bank, if it deteriorates in another one. In other words, we calculate the chance of
spreading funding liquidity problems across the banking sector.

2

2

Liquidity Risk
„Although linkages across institutions
have traditionally focused on solvency
concerns, the current crisis reminds us
of the relevance of liquidity spillovers,
specifically

that

interconnectedness

means difficulties in rolling over
liabilities may spillover to the financial
system as a whole...“ 1

This chapter is trying to define, what is liquidity and liquidity risk. We describe its
importance and main threads for the economy and especially financial markets. First, we
set straight, what should be imagined under liquidity risk and define the routes from which
it is arising. In the second section of this chapter are introduced two kinds of theories, that
explain, why banks are facing the possibility of so-called bank run, where are described the
reasons of such behaviour of the bank’s depositors.
If we want to deal with any risk, we have to know how to measure it. In the first
part of the third section, we analyze the efficiency of basic liquidity measures that are
usually easy to calculate, but not always they capture all, or any of liquidity risk. The
second subsection is summarizing some empirical results that show the strength of effects
of liquidity risk on the level of economy and an institution, as well. The third subsection
elaborates more on the latest findings about appropriateness of coherent risk measures and
defines the new accounting method, that includes liquidity risk already into asset values
and by this it overcomes the problem of portfolio theory with illiquid markets.
After we now how to measure liquidity risk, we should try to manage it and try
avoid the harm that can be caused by this risk. In fourth section we include the description
of minimum reserve requirement of European Central Bank (ECB) and Federal Reserve
(FED) and its evolution through time. Main tools and factors that are used by central banks
to provide or absorb liquidity are based on the policy of ECB.
Final part of this chapter is not theoretical and elaborates more on financial crisis
and the role of liquidity risk, which was very significant. After commenting the general
liquidity problems, there are again separated three main areas: USA, Eurozone and U.K.,
1

Global Financial Stability Report (2009), p. 74

3

where the time evolution is described in more detail, with the help of empirical data.

2.1

Basic Definitions

Definition of liquidity risk can be written in many ways, as it is not so easy to separate this
risk from all other risks and still capture all of its drivers. First, we should always define
liquidity itself. Liquidity is in its broadest sense defined by Committee of European
banking Supervisors (CEBS (2008)) as a capacity to obtain funding when it is needed.
Liquidity risk is then defined as a threat to this capacity to generate cash at fair costs.
A term that should be defined is a liquid asset. CEBS (2008) defined this kind of asset with
time-to-cash period.
Definition 2.1.1 Liquid asset is a asset that can be quickly and easily converted into cash in
the market at reasonable cost.
Basel Committee on banking supervision has defined banks´ liquidity.
Definition 2.1.2 Liquidity is the ability of the bank to fund increases in assets and meet
obligations as they come due, without incurring unacceptable losses.
This definition is related to the funding liquidity problems of the bank, but when we
are defining liquidity in general, we should always distinguish its two main kinds:
Market Liquidity - defines how difficult is to trade assets
Funding Liquidity- defines how difficult is to obtain funding
Market liquidity is usually defined by 3 factors that are closely connected and can
be evaluated in the market. First factor is the cost of selling and immediate buying back the
security, which is defined by difference between bid and ask prices – bid-ask spread and it
is usually referred to this factor as tightness of market. The second factor is called
market depth and shows how many units can be sold or bought at these bid and offer
prices without moving them. The third factor continues with defining the time of prices
getting back after they have fallen due to the insufficient market depth. This factor is called
market resiliency. Market liquidity risk can be then defined as a risk that on or offbalance sheet product or market is illiquid.
Funding liquidity is formed by margin funding risk, roll-over risk, and redemption
risk. Margin funding risk basically arises when margins change. The roll-over risk is set by
the costs of rolling-over short-term borrowing. Finally, the redemption risk is defined with
withdrawing funds by demand depositors or equity holder of hedge funds. Funding

4

liquidity risk can be defined similarly to the definition of funding liquidity, as a current or
prospective risk arising from an institution’s inability to meet its liabilities as they come
due, without incurring unacceptable losses.
A term that is often used is satisfactory liquidity, which is the ability to refinance
liabilities at or below market rates, or to be finance without excessive cost.
Liquidity can be distinguished also to specific groups, from the point of time or
immediacy of needs:
Short-term liquidity (up to 1 month)
Medium-term liquidity (from 1 month to 1 year)
Long-term liquidity (over 1 year)
Another way of looking at liquidity risk can be found in Cornett and Saunders
(2006), where are defined two reasons for arising liquidity risk – liability-side reason and
asset-side reason. The liability-side reason arises, when there is a demand of withdrawing
funds (similar to a redemption risk), that has to be covered by liquid assets. Cornett and
Saunders (2006) states the main premise that is behind the liquidity risk, where generally
holds a rule - the less liquid asset, the more interest you get. Financial institutions are then
trying to minimize cash and liquid assets, because they pay no or small interest. This can
cause problems, when they are not sufficient as „a time of withdrawals“ comes along.
Liquidity is due to this fact part of the famous magic triangle.
Liquidity is related to the confidence of a bank as a result of liability-side reason for
liquidity risk. Possible massive withdrawing of funds, so-called bank runs, comes from the
loss of belief in bank conditions.2 Liquidity is then defined as a part of confidence
function and as a function of three variables – state guarantees, variability of loan
demands and variability of deposit flows.
The asset-side liquidity reason arises when there is a need of supplying offbalance sheet loan commitments. Drawing on a loan commitment creates a need for funds
and so demand for liquidity. It can be again handled by selling liquid assets (using cash
assets), or borrowing additional funds.

2

More about this in section 2.2
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2.2

Theoretical Models of Bank Runs

Run on a bank appears when a big number of depositors is afraid, that their bank can
become insolvent. In general, these clustered withdrawals have strong consequences on the
banking sector, because, as it is defined in previous section, banks are investing in illiquid
assets while on the other hand their liabilities are liquid.
We can find examples of how bank runs played an important role and were
a common feature of crises throughout the whole history from early banks, through
probably the most famous of banking crises - The Great Depression in early 1930´s, until
recent financial crisis.
A bank run as such is usually defined as an act of panic. Someone could disagree
with this definition as a not accurate one. When we look at the reasons for withdrawal of
some depositors, that on the basis of reasonable thoughts withdraw their money, because
they are worried, probably should not be qualified as panic behaviour. On the other hand,
we are speaking about a bank run only in the case of withdrawals by a huge number of
clients and the question is, how many of them are just reacting on the acts of others. This
question divides economic models that are trying to explain the process of bank runs into
two groups. First group is explaining the bank runs as self-fulfilling prophecies, which is
basically saying that the depositors are unreasonable. Second group sees the bank runs
related to the business cycles.
So what can be done to solve or prevent a bank runs? The bank run is a liquidity
risk problem. Management and measurement of liquidity risk belongs to one of the main
challenges faced by banks. However, bank runs were in the past mostly treated ex post,
after they started. Nowadays, there is more emphasis to try to prevent their occurrence at
all. In this manner, if we consider the first group of self-fulfilling prophecies, task to
manage the unreasonable behaviour of public is really challenging.
We look closer to some of the concepts that are modelling the situation of bank
runs and the resulting equilibrium. Another part is more empirical and elaborates on the
options, how to manage or avoid bank runs and describes overall consequences of this
liquidity risk.

6

2.2.1 Diamond and Dybvig Model
Economic models in this area can be distinguished by some main features as we said in the
introduction to this section. Model of Diamond and Dybvig (1983) belongs to the group of
self-fulfilling prophecies, but it makes a core for other new developed models that by
altering some assumptions created also models where bank runs are related to a business
cycles.
Diamond and Dybvig model „shows that bank deposit contracts can provide
allocations superior to those of exchange markets, offering an explanation of how banks
subject to runs can attract deposits.“3 This model is trying to cover three important points.
The demand deposits are issued by banks because they are giving a bank a competitive
advantage and satisfy the different time needs of consumption among people. This demand
deposit contracts creates equilibrium where all depositors are panicking and withdraw their
deposits and finally, bank runs can make fail even healthy banks which can cause real
economic problems.
Illiquidity of assets is the reason for banks vulnerability to runs but also it is the
reason for their existence. This model includes illiquidity of assets by assuming economy’s
risk less production activity, which for one period creates just small output per unit of
input. The main and final consequence of bank runs is destroyed optimal risk-sharing
among depositors and so reduction in social welfare, which is done via interruption of
production that is disrupted by recalled loans.
Diamond and Dybvig model has three periods (T = 0, 1, 2) with one homogenous
good. As we said the productive technology is without yield in period one, but only in
period two (yield R > 1). The interruption by a bank run stops the production and the value
is equal to the initial investment. There are two types of agents: agent 1 consumes
everything in period 1 and agent 2 consume only in period two, so for the utility function:
if the agent is of type 1 at state 
u (c1 ),
,
U c1 , c 2 ,    
 u (c1  c 2 ), if the agent is of type 2 at state 

(2.2.1)

where 1    R -1 and R   R is twice continuously differentiable, increasing, and
strictly concave and satisfies Inada conditions u , (0)   and u , ()  0 . The risk aversion
coefficient is always higher than 1. Agents are maximizing, conditional on their
information (if any), expected utility Eu c1 , c 2 ,  , where each agent has an initial
3

Diamond (2000), p.2
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endowment of 1 unit. The optimal insurance contracts gives (if types were publicly
observable) the optimal consumptions:
*

*

c12  c 12  0,

 
 
tc  (1  t )c / R   1,
*

*

u , c11  Ru , c 22 ,
*

1
1

2
2

(2.2.2)

*

Where t  (0,1) is a fraction of agents of type 1, R  1 .
Agent that withdraws his money in period 1 get by a contract claim of r1 per unit
deposited in period 0. The assumption of mutually owned bank that is liquidated in period
2, gives the payoff per unit of deposit withdrawn:
 r1 if f j  r1 1
V1  f j , r1   
1
 0 if f j  r1

(2.2.3)

And for payoff in period 2 (depends on total withdrawals at T=1.

V2  f , r1   maxR(1  r1 f ) /(1  f ), 0

(2.2.4)

where f j is the quantity of withdrawers´ deposits serviced before agent j and f is the total
*

quantity of demand deposits withdrawn. When holds that r1  c11 , the demand deposit
contract is achieving the full-information optimal risk-sharing as an equilibrium. On the
other hand another equilibrium is basically a bank run, when „the face value of deposits is
larger than the liquidation value of the bank’s assets.“4
The conclusion from this is that the pure demand deposit contract is feasible, even
for positive probability of run it can be altered by dominating good equilibrium. To prevent
the bank run equilibrium can be done by suspension of convertibility, which creates in this
model optimal risk sharing equilibrium for f=t, but this is just for fixed t. When we let t be
random, Diamond and Dybvig come to result that when we have non-degenerating
function we cannot achieve optimal risk sharing.
Another possible instrument to reach the optimal equilibrium is government deposit
insurance. This insurance can be in this model really effective if there is also an optimum
tax that finances the deposit insurance, it achieves the unconstrained optimum as a unique
Nash equilibrium. Improvement by insurance of deposits Diamond and Dybvig uses as
a signal that the government intervention into banking markets can be beneficial.

4

Diamond (2000), p.4
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2.2.2 Models with Bank Runs Related to Business Cycle
Model of Diamond and Dybvig has certainly many drawbacks or assumption that does not
specify the reality very well. Haibin Zhu see the biggest problem in not specified moment
when the bank run occurs, unexplained shift of expectations, then the omission of impact
of bank runs on bank, or in other words how the banks are choosing the demand deposit
contracts. Furthermore, obviously as a „member“ of the second group he criticize the
controversial assumption of self-fulfilling banking crises.
Model by Zhu (2001a) then predicts that the occurrence of bank runs is related to
economic fundamentals, the bank runs are endogenously determined and it has a two stage
framework which gives us the possibility to see the reaction of banks and agents to the
government policies. So there are two stages, in the first stage bank competes by offering
demand deposit contracts and agents choose their deposit bank and in the second stage
each agent observes his private liquidity needs and decides when to withdraw the funds.
In this model the agents are withdrawing sequentially. The reason for bank run is in
the case of low return on bank assets, where banks choose a bank run contract over runproof alternative.5 This low return on bank assets is signalling by an unbiased estimator of
future returns s.
Important equilibrium properties are endogenously determined optimal unbiased
estimator s * , the perfect information makes the partial bank run disappear6, if there is a
bank run, it is always related to the fundamentals, the noisier signal makes banks more
vulnerable to runs and there are welfare losses if there is an imperfect information.
So the resulting unique equilibrium, where the bank runs happen only if the there is
a low return on bank assets, has different policy implications than Diamond Dybvig model.
The suggested policies in Diamond and Dybvig model – suspension of convertibility of
deposits and deposit insurance are inefficient in Zhu model. Zhu explores the welfare
implications of different government policies in his another work Bank runs, welfare and
policy implications.
The suspension of deposits is both ex ante and ex post inefficient. Zhu (2001b)
found two effects, the positive one is that it prevents against the bank runs and minimises

5

Bank run contract if r1  1 and run-proof contract if r1  1 , where r1 is interest rate in period 0.

6

Two types of bank runs – bank run (type I) if s < s and partial bank run (type II) if s > s

*

*

9

the liquidation costs, but this is altered by misallocation effect, where impatient agents are
prohibited to withdraw money in period 1. Another inefficient policy is a taxation of shortterm deposits. The misallocation effect is not a problem anymore, but the tax rate has to be
very high to prevent the bank run and also bank investment decisions are disturbed by an
early consumption tax.
In order to get ex post efficient policy that eliminates bank runs, while the
liquidation costs are not so high, Zhu applied Full-coverage insurance scheme, when
central bank guarantees depositors the promised interest rates when banks are insolvent.
However, ex ante this insurance cannot achieve first-best optimum due to the moral
hazard. Moral hazard problem can be overcome by suggested Interest-gap deposit
insurance, where is set the maximum amount of protection (principal + certain amount of
interest). Interest-gap deposit insurance is able in Zhu (2001b) model achieve the first-best
social optimum.
The last regulatory tool tested in paper of Zhu is capital requirement  . As the
capital requirement  increases, the equilibrium contract converges to the first-best
optimum. This instrument how to fight the bank runs is very successful maintaining the
economy without any distortions, but the social optimum is achieved in limit, which means
that optimal capital requirements should be 100 %.
Paper based on the similar model written by Goldstein and Pauzner (2000) are
dealing with slightly noisy signals. They found out that in equilibrium that is unique, the
occurrence of bank runs is determined by the state of the business cycle. Irasema (1995) in
his studies is simply answering the question why do banks, when they are maximizing their
profits, design contracts that will lead to bank runs under some states: „...contracts with
runs are beneficial if the probability of a bad enough signal about the bank’s investments
reaching a subset of the depositors is low enough.“7
Another popular theory is developed by Chari and Jagannathan (1988). It is trying
to find more specifically how or which fundamentals are able to trigger bank runs by
affecting the agents’ expectations. It is called a signal extracting story. There are two
groups of agents – informed and uniformed so this is a model with asymmetric information
on assets return. Uninformed agents are trying to figure out what information they do not
have by looking at the early withdrawals. Chari and Jagannathan found a unique

7

Irasema (1995), p. 85
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equilibrium, where a bank run can happen even when no agent has adverse information.
This is due to the misinterpretations of uninformed agents.

2.3

Measuring Liquidity Risk

2.3.1 Liquidity ratios
Liquidity risk can be measured by liquidity ratios that are still in common. These liquidity
financial indicators mainly measure the ability to meet short-term liabilities so they are
usually in some way putting together the liquid assets and liquid liabilities. Commonly
used indicators are in Table 2.3.1.
Table 2.3.1 Liquidity Ratios
Current ratio

current assets/current liabilities

Quick ratio

(cash + ST*receivables)/current liabilities

Cash ratio

working capital/assets

Working capital

financial assets/current liabilities

Liquidity indicators also indicate the ability to cover long-term liabilities with
long-term assets, which is measured by capitalization ratio:
Capitalization ratio

fixed assets/long-term liabilities

Financial soundness liquidity indicators can be found in the core set of indicators.
There are two ratios: liquid assets to total assets (liquid asset ratio) and liquid assets to
short-term liabilities. In encouraged set, there are two market liquidity indicators: average
bid-ask spread in the securities market, average daily turnover ratio in the securities
market. The core set indicators are not very informative mainly with respect to the current
crisis, where the key role played off-balance sheet exposures and the main financial
soundness indicators were not indicating troubles.
Table 2.3.2 Liquidity Indicators for non-intervened and intervened banks
Liquidity Indicators

Non-intervened Banks
1998-2008
2005-2007 (Q2)

Intervened Commercial Banks
1998-2008
2005-2007 (Q2)

Loan/Deposits

1.1

1.3

1.2

1.3

Loan/Assets

0.6

0.5

0.5

0.5

Source: Chosen data from Global Financial Stability Report (2009), p. 115
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This can be found in other analysis in Global Financial Stability Report (GFSR
(2009)), where are showed indicators for non-intervened banks, intervened commercial
banks and intervened US investment banks. In Table 2.5.2, are as an illustration showed
liquidity indicators in two periods for non-intervened and intervened banks. However,
difference between these two groups of banks according to these two ratios is not
significant, which is proving the point of insufficiency of these indicators nowadays. Other
indicators from this category, as capital-to-assets ratio and return on assets are even
„misleadingly“ indicating (respectively they are not recovering real problems) the highest
ratios for intervened banks and the smallest for non-intervened banks.
Basel Committee on Banking Supervision in their last report on liquidity
measurement (BCBS (2009)) from December 2009 set liquidity coverage ratio.
Liquidity coverage ratio

Total value of high quality liquid assets
/Net cash outflows

Improvement with comparison to the previous measuring ratios can be seen after a
closer look at the definition of this ratio. The quality of assets is quantified individually by
using a factor which multiplies the total amount of the asset. There are defined two sets of
characteristics of high quality liquid assets - fundamental and market related
characteristics. To the fundamental characteristics belongs:
Low credit and market risk
Ease and certainty of valuation
Low correlation with risky assets
Listed on a developed and recognised exchange market
The only characteristic that is not straight-forward but very important with respect
to the last market developments is the ease and certainty of valuation. This characteristic
feature is set by three rules – market participants are more likely to agree on asset
valuation, pricing formula must be easy to calculate, excluding strong assumption and
inputs to these formulas must be publicly available. These are the rules that should prevail
of including unclear valuation products that could mislead this liquidity coverage ratio.
Market-related characteristics:
Active and sizable market
Presence of committed market makers
Low market concentration
Flight to quality
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These characteristics mainly request continuity in outright sale and repo markets,
availability of quotes and diversified group of traders.
Specific liquidity measure was developed by FED. The liquidity index which is
based on possible loss that bank could suffer after unexpected disposal of an asset. It
compares the difference between fire-sale asset price that a bank can get with the fair
market price. Obviously, if this difference is higher it means a lower liquidity of the
portfolio of assets. Each of these assets (differences between prices) is weighed by the
percentage part that it takes in the portfolio, so the index takes a form
N



I   (wi )( Pi / Pi

FAIR

,

i 1

where Pi is the fire-sale price of the i-th asset and Pi

FAIR

is its fair price.

Paper of CNB, written by Geršl and Komárkova (2009) elaborates more in detail on
the subject of creating liquidity indices, where they are trying to recognize market and
funding liquidity and after all construct an overall liquidity index. For market liquidity
index they set a five dimensions for four markets – money market, foreign exchange
market, bond market and stock market. Tightness of the markets is measured by bid-ask
spreads. In money market it is the spread between PRIBOR and PRIBID, in FX market it is
the exchange rate with four main world currencies, in bond market – reference prices of
government bonds and in stock market there are the spreads of stocks making up the
Prague Stock Exchange index. Market depth is measured by daily turnovers in the markets
except FX market and another dimension market resiliency is calculated by use of returnto-volume ratio which is calculated as a daily changes in bonds resp. stock prices to daily
turnovers in bonds resp stock markets.
The fourth and fifth dimensions are supplemental suggested also by ECB.
Liquidity premia is defined as spreads between alternative assets with different degrees of
liquidity. In the case of money market it is used a difference between 2 week PRIBOR rate
and 2 week CNB’s repo rate and in the bond market is used IRS and benchmark
government bonds yields. Volatility is measured as 30-days historical volatility of
CZEONIA index for money market, exchange rate CZK/EUR for FX market, 10 year
benchmark bond yield for bond market and Index PX for stock market. This indicator is
connected to market resiliency, where higher volatility means easier changes in prices of
assets
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Each of these four markets has own indicator constructed from described five
dimensions and together they construct a final market liquidity index.
Market-based funding liquidity (MIFL) indicator is constructed in Geršl and
Komárková (2009) with the use of adjusted bid (AB) defined as:

ABit 

(repo _ ratet  bid _ rateit ) * volumeit
,
total _ volumet

then MIFL indicator of a bank for given time span equals to8:





1
,
MIFLi  log  T
 AB   
it


 t 1


where  is a non-zero constant that ensure the existence of inverse value in every case, but
also set the range or the highest value that can this indicator reach. This highest value is
reached „if a bank (or banks for the day’s MIFL) enters repo tenders with the CNB at the
limit rate, i.e. the highest possible rate.“9

2.3.2 Stress Scenarios and Other Empirical Studies
Another way of how to find out liquidity conditions is by applying stress scenario. This
includes quantifying potential liquidity gaps in specified stress scenarios and identifying
means of closing those gaps.
Liquidity gaps are calculated with assets and liabilities divided into groups,
according to their remaining maturities. Most common distribution is: demand items (with
maturity up to 7 day), up to 3 months, 3-12 months, 1-5 years and over 5 years. Problems
arise if a gap cannot be closed. Then there has to be raised term-fund or tap alternative
funding source, alternatively changed business structure, or reduced exposure to contingent
liabilities.
Another stress testing approach based on gap analysis was developed by Deutsche
Bundesbank that includes liquidity stress drivers. In the first step of application of this
stress testing, it is determined how fast the liquidity gap opens over time. This is based on
expected cash flows of each of liquidity risk drivers. In the second step, there are assessed
8
9

A day´s (or tender´s) MIFL defined also in Geršl (2009), p.585
Geršl (2009), p.585
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counterbalancing capacity from liquidity risk drivers that provides inflows under the
specific scenario.
Relevant study to this subject was performed by Pastor and Stambaugh (2003),
where they tested their hypothesis that „fluctuations in various measures of liquidity are
correlated across stocks.“10 They were focusing on temporary price fluctuations induced
by order flow. In their econometric model the results for stocks liquidity betas showed that
sensitivities to innovations in aggregate liquidity are significant with respect to asset
pricing. Another resulting point is that stocks whose returns are more exposed to marketwide liquidity fluctuations create higher expected returns.
Ennis and Keister (2002) studied the implication of bank runs for long-run
economic growth and they found three possible ways how the thread of bank run affects
economic growth process. Firstly, there is a disintermediation effect created by lowering
agents’ participations in the banking system. Secondly Under positive probability of bank
run, banks are forced (or tend to) include more liquid assets that are less productive in their
portfolios. Finally, bank run causes reduction of capital formation. Interesting point
discovered in this paper is also a large intergenerational externality that is caused by bank
runs. They calculated average growth rates conditional on not having run and
unconditional ones, calculated from 20 simulations with 50 periods of time (5 years
periods).
Table 2.3.3 The average growth rate of capital conditional on not having a run and the
unconditional average growth rate.
Probability of Run
0.04
0.06
0.08

Growth conditional on no
run (%)
5.03
4.72
4.40

Unconditional growth (%)
4.85
4.44
4.03

Source: Ennis, H.M. and T.Keister (2003), p. 235

The results of this study are in the Table 2.3.3, where the difference between
growth without run and with the possibility of run set at 4 %, already makes the difference
over 150 basis points.
Liquidity risk, in general meaning with all kinds of it, is not trivial to separate from
other risks. For instance in Basel II the main three risks are credit, market and operational,
without explicitly mentioned liquidity risk. Interesting work in this area can be found in

10

Pastor (2003), p. 642
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Hong Yan (2007), where the goal is to find how strong the effect of liquidity risk on
default of a company is. As an indicator of default is taken widely used Credit Default
Swap (CDS) spread. For characterizing liquidity are created four proxies. Volatility to
volume ratio (VtV) is defining the market depth. Description of dealers market-making
capacity and funding constraints should possess variable - outstanding number of contracts
(NoC). The third variable is trades over quotes (ToQ) for CDS contracts that should
describe the matching intensity. The fourth proxy is daily percentage bid-ask spreads (BAS
- averaged through time to get monthly data), which shows how tight is the market.
They use these liquidity characteristics and also variables that are possessing credit
risk in regression model, were CDS spread is dependent variable. For variable VtV was
found positive relation with CDS spread, that means that the higher is price change with
increasing volume the higher premia that is needed. In other words, bigger spread indicates
smaller market depth. Constant for variable NoC implies increasing CDS spread with
increasing NoC. This time the intuition is not that clear. Yan (2007) even takes into
account both possibilities that NoC is variable showing liquidity or illiquidity. In a case of
higher liquidity, with higher number of contracts outstanding the intuition does not
correspond with equity markets. On the other hand, if we consider NoC as an indicator of
illiquidity, the intuition is the same as for VtV variable.
Trades over Quotes as a measure of search frictions in terms of matching intensity
in the market for particular contract is according to this regression negatively related to
CDS spreads. However, this coefficient is not that significant, which could be again the
effect of cross-sectional variation. Yan (2007) see also the possibility of considering ToQ
as an indicator for illiquidity, because „the relative ease of trading in underlying contracts
may exacerbate the funding constraints for dealers, or invite informed traders in the
presence of information asymmetry.“11
For the last variable - bid-ask spread, the significance is again surprisingly low, but
the resulting effect of increasing bid-ask spreads is positive, so the higher is bid-ask spread,
the higher is also CDS spread, which is intuitively correct.
In conclusion, it was estimated on average 13.2 basis points premium in CDS
spreads by using these liquidity proxies. More generally, liquidity and liquidity risk should
account of

20 % of CDS spreads and should not be excluded from fully correct CDS

pricing model.

11

Yan (2007), p.21
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2.3.3 Coherent Risk Measures

Coherent risk measures has been lately again considered as a proper liquidity measure
despite the fact that they have been criticized for almost a decade and not used in practice.
Mainly the works of Acerbi are dealing with the revival of these measures.
So far we were looking at how to put together a certain values and some ratios that
would say how good liquidity of a financial institution is. Method that considers coherent
risk measures is not trying to find this kind of ratio, but it tries to implement the liquidity
risk already into the values of company’s assets. Acerbi (2008) claims that there is no need
to find a new measure for liquidity risk, but just change accounting of items on a balance
sheet.
Implementing liquidity risk into the value of assets also solves the problem of
portfolio theory that does not include. However, in this case we are more speaking about
illiquidity of markets. In general, Acerbi is dividing liquidity risk into three groups portfolio, market, and systemic liquidity risk. His main argument against a portfolio theory
(without liquidity risk) is that it negates the fact of different values of the same portfolio
for two different participants in the market. Under the fact of no unique value of portfolio
and no unique risk, Acerbi sets the new defining variable called liquidity policy that
should represent the liquidity needs (constraints) of each market participant individually.
Before we define the liquidity policy, we have to introduce the definition of an
asset that is in Acerbi´s theory defined by Marginal supply demand curve. This curve is set
by all bid and ask prices available. The bid prices ( mi ) are ordered in decreasing order, so
for assumed fixed number of contracts of asset (z), we are going from the highest bids to
the lowest until we fulfil our (assumed) selling needs of this asset. The proceeds can be
expressed as:

P  i mi z i , where



z i  z and index i is a quote

i

(2.3.1)

In a continuous version with s contracts of a given asset, the proceeds are equal:
s

P ( s )   m( x ) dx
0

Definition 2.3.4 A liquidity policy L is any close convex subset L  P of the space of
portfolios satisfying
1. p  L  p  a  L, a  0






2. p   p 0 , p   L   p 0 , 0   L





(2.3.2)
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Or we can simply rewrite this as:




L(a )   p0 , p   P p0  a  ,




where this expression can be verbally defined as minimum cash requirement that should be
held in the portfolio.12
The new variable, liquidity policy, completely changes the definition of a value of
the portfolio. To define the value of the portfolio Acerbi uses a term Upper Mark-toMarket Value of a portfolio U(p), that „clearly corresponds to the widespread MtM
practice of marking all long positions to the best bids and all short positions to the best
offers available.“13
Definition 2.3.5 The Value of a portfolio p under the liquidity policy L, is a map

V L : P  R defined by
V L (p)  supU (q) q  Att (p)  L

(2.3.3)

Equation 2.3.3 can be interpreted as the highest value that can be reached from all the
attainable portfolios (they belong to the group Att(p) that satisfies the liquidity policy.
The whole concept is described in Acerbi (2008) and in presentation Acerbi (2009).
We use a little shortcut to get to the definition of value of a portfolio.14
The characteristics of this function are the key to consider again coherent risk
measures as an appropriate measure of liquidity. Fundamental theorem says that the
function 2.3.3 is always concave and translationally subvariant. Translational
subvariancy is describing the fact that we are including liquidity into the value of its assets,
which in the simplest example of adding cash (the most liquid asset), increases the value of
portfolio by more then the amount of cash added. This is due to implementation of the new
factor, liquidity policy, into the valuation of a portfolio. In reality it means, that if we have
the same amount of money held in different kinds of assets, the cash adds the biggest value
and the illiquid assets with the highest liquidation costs add the lowest value to the value of
portfolio. However, due to this theory this all depends on the liquidity policy of concrete
owner of the portfolio. The weaker is the liquidity constraint faced by the owner of the
portfolio, the smaller is the difference between values added to the portfolio by liquid or
illiquid assets. In extreme case of absolute no need for any liquidity, the difference

12

Acerbi (2008), p.10
Acerbi (2008), p.8, also with mathematical definition of this function
14
In detailed description of the concept should be defined also a function liquidation cost of portfolio
13
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between added value by cash or illiquid asset diminishes because cash value does not have
any additional worth.
Coherent
translational

risk

measures

covariance,

satisfy

positive

four

coherency
and

homogeneity,

axioms:

monotonicity,

subadditivity.

Positive

homogeneity is the critical condition that has been criticized. It can be defined as,

 (X )   ( X ) ,

(2.3.4)

where   0 . Liquidity risk, resp. illiquidity does not correspond to this axiom. Acerbi
argues that this argument against coherent risk measure is based on the false assumption
that function p  V ( p) is linear. However, X in the function 3.3.4 is a value of the
portfolio and not the portfolio itself and so the linearity of this function does not hold,
when we are assuming liquidity risk in portfolio theory. That is why mentioned argument
fails and coherent axioms are according to Acerbi (2009) the best choice for describing this
model. He defines a Coherent Portfolio Risk Measures that is convex and translationally
subvariant and „acts as a coherent measure of risk on the portfolio space in the limit of
vanishing liquidity risk.“15
The optimization problem is high dimensional, but is computable, due to the
convexity of this optimization. If we assume that the marginal supply demand curves are
exponential
mi  Ai e  ki s ,

(2.3.5)

which is by some small deviations the most likely case of shape of this curves, we get the
value of portfolio
 N

  Ai / k i 
N
N
,
V L ( a ) (p)  a   Ai p i   Ai / k i * log N i 1


i 1
i 1
  Ai / k i  a 
 i 1


(2.3.6)

where a is the amount of cash needed – prepared to be liquidated, A corresponds to market
N

risk drivers, k are liquidity risk drivers. Expression

A p
i

i

gives a nominal value of assets

i 1

in a portfolio 16, N is a number of different kinds of assets in portfolio.

15
16

Acerbi (2009), p.131
Value of a portfolio for an owner that does not have any liquidity constraint is actually equal to this term
N

(

A p )
i

i

i 1
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The analysis of possible outcomes of this function in Acerbi (2008) is divided into
four categories. The first case is not assuming any liquidity risk, so k=0, together with
assuming joint normal (Gaussian) distribution of the market risk drivers, which means that
A has Gaussian distribution. In other cases there is assumed a liquidity risk. It can be fixed


over time, while still assuming joint normal distribution for vector A . As a result we get
one factor Marginal Supply Demand Curves, with suggested identification by the bid price.




Another two models are two factor models, where vector A and k have joint
normal distribution. However, each of these two models is assuming different relationship
between these two risk drivers. They are either independent or negatively correlated.


The vector k (liquidity risk drivers) is obviously negatively related to the value of
marginal supply demand curve (equation 2.3.5) and so with higher k the proceeds that can
be earned by selling assets are decreasing. The value of a portfolio (equation 2.3.6) also
decreases.
Value of the portfolio is increasing and concave function of number of different
kind of assets in portfolio (N), while assuming fixed cash needs a. This function reaching
N

the value

A p
i

i

which is maximum possible value without any liquidity constraints, so

i 1

as the fixed cash needs are lower, the closer this function gets to this value. On the other
hand, value of the portfolio is decreasing and concave function of cash requirement, while
assuming fixed number of assets in a portfolio.

2.4

Management of Liquidity and Liquidity Risk

The Liquidity management has two challenges, ensure availability of adequate sources of
cost-effective funding and appropriate use of these sources. This management is more and
more challenged as the new complex financial products and derivatives are used. In the
first years of crisis in 2007-2008 the liquidity was affected in all kinds of markets. CEBS
technical advice refer to changes in interbank market, where was shortened maturity,
reduced unsecured lending or cancelled committed liquidity lines extended by other
institutions, in the commercial paper market, by limited or no possibility for banks to tap
the market or roll over funding and in general illiquidity of markets which banks had
considered as reliable sources of funding, even in times of stress.
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Cornett and Saunders (2006) recognize two liquidity management approaches that
are used to deal with liability-side. Purchased Liquidity Management is trying to adjust
to the net outflows of deposits (net deposit drains) by purchasing the liquidity. Purchasing
liquidity can be done in two ways, either a bank borrows money on interbank market
(short-term loans) or it can issue or sell securities (fixed maturity wholesale certificates,
bonds, notes). However, this way of borrowing can be expensive. A bank „gets rid of“
paying low interest cost on drained deposits, while it has to cover it by funds bearing
higher market rates on the wholesale money market. Second distinguished management is
Stored Liquidity Management. This management deals with the net deposits drains with
the use of cash.17 This is basically assuming that instead of obtaining the needed funds
after net deposit drain occurs bank is prepared for this situation ex ante by holding the
cash. This management allows a bank to bear net deposit drains without relatively
expensive borrowing, but they are still facing the loss by not earning the interest from
possible long-term investments.
Banks can combine both of these policies. They are generally not obliged for any of
these two management policies to use with small bias towards the store liquidity
management. It can be seen from mainly low or none minimum cash reserve requirements
required by central banks, nowadays. U.K. has zero minimum reserves set by Bank of
England. On the other hand, reserves policy in USA and in Eurozone set by FED resp.
ECB is stricter.

2.4.1 Minimum Reserve Requirements
Federal Reserve sets minimum reserve requirements according to net transaction
accounts. Net transaction account is defined as a total transaction account less amounts due
from other depository institutions and cash items in the process of collection. 18 These
requirements are adjusted each year, when is set the exemption amount and lower reserve
tranche, where up to exemption amount there is no reserve requirement. Percentage
17
18

Second less common way is to liquidate assets
Total transaction accounts consists of: demand deposits, automatic transfer services accounts, NOW

accounts, share draft accounts, tekephone or preauthorized transfer accounts, ineligible bankers acceptances,
and obligations issued by affiliates maturing in seven days o less. More in: FED: Report of Transaction
Accounts, Other Deposits, and Vault Cash available at:
http://www.federalreserve.gov/reportforms/forms/FR_2900cb20090930_i.pdf
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requirements with current exemption amount and lower reserve tranche (valid from
31.12.2009) are in Table 2.4.1. The exemption amount was continually rising over the
years, while the lower reserve tranche after a decreasing period in 2005-2008 jumped by
from $44.4 million to $55.2 million in 2009.
Table 2.4.1 FED minimum reserve requirements
Category

Reserve ratios

Net transaction accounts
For the amount from $0 to (not including) $10.7 million

0 percent

For the amount over $10.7 million to (and including) $55.2 million

3 percent

For the amount over $55.2 million

10 percent

Non-personal time deposits

0 percent

Eurocurrency liabilities

0 percent
Source: FED

ECB set the minimum reserve requirement in order to reach two goals - stabilise
money market interest rates and enlarge the structural liquidity shortage of banking system.
Reserve ratio is in Eurozone set at 2 % and this ratio applies to the reserve base that
consists of: overnight deposits, deposits with agreed maturity up to 2 years, deposits
redeemable at notice up to 2 years, debt securities with agreed maturity up to 2 years and
money market papers. Maintenance period of reserve holdings is one month and they are
kept on reserve accounts, where the end-of day balance of this account is used to calculate
the daily reserve holding. As ECB tries to keep the efficient allocation of resources, there
is a remuneration of holdings of required reserves (exceeding reserves are not
remunerated) that is calculated as
nt

rt  
i 1

MRt
,
nt

where MRt marginal interest rate for the most recent main refinancing operation settled on
or before calendar day i (or average of marginal rates if there are more than one in a day)
and nt is number of calendar days in maintenance period.19
From the definition of this rate, it has to move with short-term money market rates,
so lately there has been a decrease from 4.20 % in January 2008 to 1.00 % in second half
of 2009. However, there was no big difference in overall liabilities with maturity up to 2
19

ECB available at: http://www.ecb.int/pub/pdf/other/gendoc2002en.pdf
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years during this period of time (see Table 2.4.2). Together with remuneration rate there is
a penalty rate for not fulfilling the rules, which for the same period (January 2008 –
December 2009) decreased from 7.50 % to 4.25 %.
Finally, there is possibility to applied lump-sum allowance that allows banks to
deduct € 100 000, which should play a role in a case of very small reserve requirements.
Table 2.4.2 Minimum reserve data for Eurozone (EUR billion)
Liabilities to which 2 % reserve
coefficient is applied
Req.
Reserves

Credit
Inst.
Current
Account

Excess
Reserves

Interest
Rate on
Min.
Reserves

815

196

197

1.0

4.17

10,057

849

217

219

1.5

3.25

9,752

787

216

217

1.0

1.00

Total

Overnight
dep. and
dep. with
a maturity
up to 2 y.

Debt
securities
issued with
a maturity
up to
2 y.

2007

10,254

9,439

2008

10,906

2009 (Sep)

10,538

Maintenance
period
ending on:

Source: ECB, chosen data from monthly bulletin: December 2009

CNB lowered the minimum reserve ratio to 2 % in October 1999 and since then, it
has remained unchanged in order to be consistent with the Eurosystem level. CNB states
that this instrument is not that important in terms of monetary policy, but it „serves as a
cushion for the smooth functioning of the interbank payment system at CNB Clearing.“20

2.4.2 Liquidity Providing and Absorbing Factors
Central banks are managing liquidity through the open market operations. We define these
factors that provide and absorb liquidity in the way how they distinguished in Eurosystem.
Factors that provide liquidity to the market consist of some of these open market
operations and holdings of net assets in gold and foreign currency. Operations that only
provide liquidity are main refinancing operations, long-term refinancing operations,
structural reverse operations, marginal lending facility. On the other hand, factors that only
absorb liquidity are banknotes in circulation, deposit facility, collection of fixed term
deposits, issuance of ECB debt certificates. In the third group are factors that can both
provide or absorb liquidity, where belongs fine-tuning reverse operations, outright
transactions and foreign exchange swaps.
20

CNB, available at: http://www.cnb.cz/en/monetary_policy/instruments/#mr
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The description of these factors can be found in The Implementation of Monetary
Policy in the Euro Area (2008).
Main refinancing operations and long-term refinancing operations generally
belongs to the reverse transaction operations. These operations are not centralized, where
each national central bank of member state takes a role of standard tender, while using the
pre-specified calendar for these operations. Main refinancing operations are widely used,
which highlights their importance. They are mostly with a maturity of one week and
weekly frequency. Long-term refinancing operations are on the other hand used to provide
counterparties a long-term refinancing. They are also regular reverse transactions, but
usually with maturity of three month and with frequency of one month.
Figure 2.4.3 Key interest rates in Eurozone (in %)
Deposit Facility

Main Refinancing Rate

Marginal Lending

4,5
4,0
3,5
3,0
2,5
2,0
1,5
1,0
0,5
0,0
XI.08

XII.08

I.09

II.09

III.09

IV.09

V.09

VI.09

VII.09

Source: ECB

Structural reverse operations are used to adjust structural position of Eurosystem
against financial sector. These are again executed on the national level with national
central banks as a standard tenders, but they are irregular with respect to their frequency
and with not specified maturity.
Marginal lending facility and deposit lending facility can be summed as a
standing facilities that are offered to credit institutions by Eurosystem and they provide
resp. absorb overnight liquidity. The overnight liquidity can be provided by central bank
only against presented sufficient eligible assets of a commercial bank. Availability is due
to the eligibility of counterparty that can on its own initiative request either overnight
lending or making overnight deposit. However, when there is at the end of the business
day, a debit on settlement account, which is established between commercial bank and
national central bank, this is automatically considered as a request of lending facility.
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Another instrument to absorb liquidity is the issuance of ECB debt certificates.
Basic features of these certificates are: issuance at a discount, issued at below the nominal
amount and redeemed at nominal amount at maturity date (less than 12 month), issued and
held in book-entry form in securities depositories.
Table 2.4.4 Liquidity-providing factors in Eurozone (EUR billion)
Liquidity-providing factors
Maintenance
period ending
on:
2007 (31 Dec)
2008 (7 Oct)
2008 (11 Nov)
2008 (31 Dec)
2009 (9 June)
2009 (10 Nov)

Eurosystem´s
net assets in
gold and foreign
currency
327.5
417.3
549.0
580.5
487.9
413.0

Main
refinancing
operations

Long-term
refinancing
operations

Marginal
Lending
Facility

173.0
174.1
301.6
337.3
238.8
52.3

278.6
334.3
452.5
457.2
400.6
626.1

0.3
7.5
12.7
2.7
0.7
0.3

Other
liquidityproviding
operations
0.0
5.9
4.2
0.0
0.0
20.1

Source: ECB, gathered data from monthly bulletins

Fine-tuning operations are the last of reverse transactions. These operations can
provide or absorb liquidity and they are used mainly to smooth the effects on interest rates
that arise when an unexpected fluctuation affects the market. Liquidity imbalances can
occur in both ways and according to that these operations are used to provide or absorb
liquidity, often at the end of maintenance period. As in the case of structural reverse
operations, fine-tuning operations are also not standardised in manner of frequency or
maturity. For liquidity providing case is used mostly a quick tender, while liquidity
absorbing case are executed with the use of bilateral procedure.21
Table 2.4.5 Liquidity-absorbing factors in Eurozone (EUR billion)
Liquidity-absorbing factors
Maintenance
period ending
on:
2007 (31 Dec)
2008 (7 Oct)
2008 (11 Nov)
2008 (31 Dec)
2009 (9 June)
2009 (10 Nov)

Deposit
facility
0.4
200.9
19.9
213.7
22.3
86.5

Other
liquidityabsorbing
operations
2.2
4.9
45.5
2.3
2.1
12.0

Banknotes in
circulation
644.6
731.1
684.3
722.1
759.8
770.7

Central
governments
deposits with
the Eurosystem
61.9
107.8
55.2
85.0
141.7
148.7

Other factors
(net)
-126.6
114.3
-82.6
78.2
-15.8
-118.9

Source: ECB, gathered data from monthly bulletins
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Bilateral procedures are procedures without a tender and there are two types, where counterparties are
contacted either by the Eurosystem or these operations are handled by stock exchanges and market agents
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Outright transactions provide or absorb liquidity by buying or selling eligible
assets. The last instrument that either can provide or absorb liquidity is foreign exchange
swap that are use for fine-tuning purposes. Transactions are simultaneous (spot and
forward) in euro against foreign currency.

2.5

Financial Crisis and Liquidity Risk

The financial crisis spread to the banking sectors in advanced and also emerging markets
countries, where it „has put further pressure on banks’ balance sheets as asset values
continue to degrade, threatening their capital adequacy and further discouraging fresh
lending.“22 The whole financial crisis with the global uncertainty in banking sector and
volatile environment came in after the stable period with sound macroeconomic conditions
that on the first glance did not predict this economic fall. We can agree with a paradox
pointed out by Nigel Jenkinson, executive director for financial stability of Bank of
England, who actually „blame“ this peaceful situation before the crisis, that creates an
opportunity to developed the market in the way that causes problems afterwards. In
Jenkinson (2008) he described that low financial market volatility allowed to develop
products that could better posses the needs of investor and his risk appetite which
encouraged him to go for a higher yield. In this period „greater integration of markets
went hand in hand with the acceleration of financial innovation and rapid growth of
market activity.“23 Basel Committee on Banking Supervision (2009) highlights the lack of
carefulness during times of boom, while dealing with wide range of liquid markets. The
assessment of liquidity should always be examining whether the liquid market stays liquid
also under the times of stress.
The new market developments that affected liquidity in financial sector are more
specifically defined in CEBS (2008). The deposit-based funding is for banks no more the
main source of funding and is replaced by market funding sources, where the real numbers
are showing higher volatility of wholesale funds and brokered certificates of deposits.
CEBS (2008) analyzes also the indirect effects of U.S. sub-prime crisis on these
institutions that relied on wholesale funding and had liquidity commitments. The liquidity
problems could arise from limiting several factors as shortening maturity in inter-bank
market, limited possibility for banks to tap the market or roll over funding, disability of

22
23

Global Financial Stability Report (2009), p. XV
Jenkinson (2008), p.3
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accessing liquidity by securitising portfolios due to the dry-up markets (ABCP and ABS)
and also failing of the most reliable sources of funding that should have been reliable even
in times of stress.
Global financial report from April 200924 is suggesting the three most important
elements that would reduce the global uncertainty in banking system. The first point is
requesting supervisors to take more active role in determining the viability of institutions
and appropriate corrective actions. Secondly, impairment of banks´ balance sheets should
be fully and transparently disclosed and consistently criticized. Thirdly, the report is
suggesting improvement in clarity about what type of capital is required and also better
specifications of time in which the new required capital ratios should be reached.
Figure 2.5.1 Global Financial Stability Map

Source: Constructed from figures in Global Financial Stability Reports 2007-2009

In Figure 2.5.1 is global financial stability map that shows changes in underlying
conditions and risk factors in period from October 2007 to April 2009. In this period IMF
globally stated a deterioration of financial stability. We focus more on market and liquidity
risks and their indicators, where IMF considered six main indicators and estimated their
24

Further only GSFR (2009a)
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changes since October 2008. In case of market and liquidity risks, the indicators show that
after a rapid deterioration from October 2007 to 2008 there are more neutral than
deteriorating results in the last period from that captures end of 2008 and beginning of
2009. Hedge funds estimated leverage and composite volatility measure indicated no
appreciable change. Net noncommercial positions in futures markets and common
component of asset returns indicators showed increase in estimated risk. On the other hand,
world implied risk premia and financial market liquidity index indicated decrease in
estimated risk.
GSFR (2009) incorporates funding and market liquidity index as a specific
indicator that should describe perceptions of funding conditions, secondary market
liquidity, and counterparty risks. This indicator consists of spread between major-market
government securities yields and interbank rates and expected overnight interest rates, bidask spreads on major mature-market currencies and daily return-to-volume ratios of equity
markets. Development of this index since January 1996 is in Figure 2.5.2, where can be
seen huge increase in two waves in the beginning of 2007 and beginning of 2008 that
pushed the index to be over nine-times bigger than in 1996. This increase was followed by
big slump half the way down to values around 400.
Figure 2.5.2 Funding and Market Liquidity Index ( –, left scale, 1/1/1996=100) and Asset
Price Volatility Index ( –, right scale, deviations from period average)

Source: Bloomberg L.P. and IMF staff estimates

Central banks around the world tried to ease the short-term liquidity pressures that
came up during the crisis. The liquidity eased measures were applied by all main central
banks. Federal Reserve and also Bank of England lent government securities in exchange
for securities that were illiquid, which should have assisted repo and other collateralized
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transactions. Many of the central banks including ECB used currency swap arrangements
between each other and also between central banks and commercial banks. This should
have facilitated foreign currency provision to banking sector, in the face of segmentation of
foreign exchange markets. In some emerging economies was used foreign currency
provision in domestic market.
Applications of liquidity eased measures or basically providing liquidity to the
markets highly affected the growth of money base in economies. This huge increase of
money in the economy again raises the question, how far should central banks go as a last
resort or provider of liquidity. Key interest rates were sharply decreased by ECB, twice in
the end of 2008 and one more time in the beginning of 2009 (Figure 2.4.3). Evolution was
similar in USA and there was an unprecedented month-to-month increase of money base
both in Eurozone and USA (Figure 2.5.3), where in USA, percentage increase was held
three month in row over

15 % (September-November, 2008). This rise in money base

was then partially reversed, however, another liquidity turmoil made FED and ECB again
worried and forced them to go for another lowering of interest rates that was smaller, but
pushed the interest rates too close to zero.
The overall result of liquidity crisis and affects on the money base is much stronger
in a case of USA than Eurozone. Money base in USA rose in period from August 2008 till
November 2009 by almost 240 % , while in Eurozone, during the same period, money base
increased by much less, 117 %.25
Figure 2.5.3 Percentage change in Money Base in USA and Eurozone, Jan 2007-Nov 2009
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Source: Author’s calculations, FED, ECB monthly bulletins
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For comparison during previous period: January 2007-July 2008, money base increased in USA by 3.28 %
and in Eurozone by 13.97 %
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These steps taken by central banks were mostly successful in a way of preventing a
complete dry-up of the markets. However, this is true mainly for developed countries,
while in emerging countries the effect was not that strong. This is according to GSFR
(2009) due to bigger external vulnerability, shallower financial markets, and stability
objectives conflicts between macroeconomic and systemic level.
We look closer to the development in the main three areas and steps undertaken by
the main three central banks.

2.5.1 United Kingdom
In the United Kingdom financial system, The Bank of England offered liquidity insurance
in three ways. The discount window facility maturity was extended, long-term repo
operations were provided. There was a closure of Special Liquidity Scheme with 185
billion utilisation and also were created a central bank swap lines.
For a banks´ funding was important extension of HMT Credit Guarantee Scheme
and introduction of Asset-Backed Securities Guarantee Scheme. In the manner of boosting
market liquidity, Asset Purchase Facility purchases 21 billion of commercial papers and
0.7 billion corporate bonds. Moreover was introduced Asset Protection Scheme. It was
given 457 billion as a protection on risky assets for Lloyds Banking Group and RBS
together with 13 billion capital provision for RBS.
The Bank of England sees the problem also in the fact, that the banks in U.K. had a
considerable customer funding gap when the financial crisis began, which was still rising
in the end of 2008 as it can be seen in the Figure 2.5.4. This made the banks unable to
move away from the wholesale funding and even more strengthen reliance on these
sources. The biggest part of the gap is created by securitised household loans, from which
more than 50 % was sold to end-investors, and this was still a big potential risk of another
pressure on banks´ funding needs.
As we could see from the global financial stability map a risk perception in 2009
stopped increasing and start to fall down, which helped to ease funding concerns.
Aggregate funding gap decreased from over £800 billion to £610 billion during 2009.
More importantly, the short-term wholesale funding brings around higher risk, which was
firstly underestimated, is now under better control with higher level of liquid assets held by
U.K. banks nowadays. The evolution of holding liquid assets in the last years can be seen
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in Figure 2.5.4., where is expressed a ratio: liquid assets/(short-term funding + customer
deposits) for the 20 largest U.K. banks (which includes banks with liquidity problems as
Northern Rock, Alliance & Leicester, Bradford & Bingley etc.). This figure shows the
significant drop of this ratio in 2008 as financial crisis came along, but also a slowly
decreasing value in the preceding three years before.
Figure 2.5.4 Customer funding gap (difference between customer loans and deposits)

Source: Bank of England: Financial Stability report, 2009

2.5.2 USA
Federal Reserve used many ways to support the liquidity in financial markets, where most
of them were used just for a short time-period to prevent a liquidity crush and were closed
after the situation got back from the worst numbers.
In December 2007, after the increasing problems of institutions with credit needs of
their clients, there was created Term Auction Facility (TAF), that should have funded
depositary institutions, while putting not too much pressure on the „quality“ of the
collateral there could have been used at the discount window. One of the tools was again
liquidity swap arrangements with other 14 foreign central banks26. This instrument also
26

the Reserve Bank of Australia, the Banco Central do Brasil, the Bank of Canada, Danmarks Nationalbank,
the Bank of England, the European Central Bank, the Bank of Japan, the Bank of Korea, the Banco de
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belongs to the group of temporary instruments. In March 2008, was announced
establishment of The Term Securities Lending Facility (TSLF). Through this facility,
Federal Reserve was lending securities to primary dealers for 28 days. Just a few days later
was established The Primary Dealer Credit Facility, that helped primary dealers to provide
financing to participants in securitization markets.
Another way of fighting liquidity shortage was creating funding facilities – Money
Market Investor Funding Facility (MMIFF), Commercial Paper Funding Facility (CPFF)
and Asset-Backed Commercial Paper Money Market Mutual Fund Liquidity (AMFL).
MMIFF was created to „provide senior secured funding to a series of special purpose
vehicles to facilitate an industry-supported private-sector initiative to finance the purchase
of eligible assets from eligible investors.”27 The Troubled Assets Relief Program, that
served for these capital injections to eligible banks funded sources in amount of $198
billion. CPFF funded purchases of highly rated, U.S. - dollar denominated, three-month,
unsecured and asset-backed commercial paper issued by U.S. issuers. Asset Backed
Commercial Paper Money Market Mutual Fund Liquidity Facility (AMLF) was used to
help banking organizations to purchase asset backed commercial paper from money market
mutual funds.
The Term Asset-Backed Securities Loan Facility was introduced in November 2008
to support issuance of asset backed securities especially collateralized by student loans,
auto loans, credit card loans, and loans guaranteed by the Small Business Administration.
In November 2008, started direct purchases of assets, central bank purchased $100
billion in government-sponsored enterprise debt and $500 billion in mortgage-backed
securities backed by Fannie Mae, Freddie Mac, the Federal Home Loan Banks, and Ginnie
Mae. In March 2009, there was another purchase of $200 billion of enterprise debt and
$1.25 trillion of mortgage-backed securities.
To ease funding conditions, Federal Reserve also extended wholesale funding
guarantees by six months during the crisis.
Besides mentioned actions that were taken as general steps to recover liquidity,
there were institutions that needed a special treat if they wanted to survive unexpected
liquidity shortage. In March 2008, investment bank Bear-Stearns suffered by unexpected
illiquidity of their assets. JP Morgan Chase & Co. agreed to a special financing for this
Mexico, the Reserve Bank of New Zealand, Norges Bank, the Monetary Authority of Singapore, Sveriges
Riksbank, and the Swiss National Bank
27
Monetary Policy Report of February 2009, available at:
http://www.federalreserve.gov/boarddocs/rptcongress/annual08/sec1/c1.htm
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company, when it assumes its financial obligations. Even a limited liability company,
Maiden Lane LLC, was created to acquire certain assets of Bear Stearns and manage them
to maximize repayment of the credit extended and also to minimize disruption to financial
markets.
Table 2.5.5 Federal Reserve provision of liquidity 2007-09 (USD million)
Dec 31
2007

June 30
2008

Feb 18
2009

Term Auction Facility

40,000

150,000

447,563

Liquidity swaps with foreign central b.

21,000

62,000

375,005

Securities lent under the TSLF

-

104,097

115,280

Primary Dealer Credit Facility

-

1,455

25,268

-

-

12,722

-

-

248,671

Asset
Provision of liquidity to banks and dealers

Provision of liquidity to other market participants
Asset-Backed Commercial Paper Money Market
Mutual Fund Liquidity Facility
Net portfolio holdings of LLCs funded through the
Money Market Investor Funding Facility

Source: Chosen data from FED - Monetary Policy Report of February 2009

The biggest wave of liquidity problems came in the last quarter of 2008 and
beginning of 2009, when another three important financial institutions of U.S. financial
market had liquidity problems. In September 2008, American International Group got $85
billion from Federal Reserve Bank of New York as direct support to meet their obligations
and in October AIG got additional $37.8 billion to finance investment-grade, fixed-income
securities that it held. After this in November Federal Reserve purchased $40 billion of
newly issued AIG preferred shares and lowered the interest from LIBOR+850 basis points
to only LIBOR+300 basis points.
Another two limited liability companies had to be created for the purpose of
restructuring of Federal Reserve lending to AIG. Maiden Lane II LLC got a $22.5 billion
loan from the Federal Reserve and a $1 billion subordinated loan from AIG. This company
then purchased residential mortgage-backed securities from AIG. Maiden Lane III LLC got
a $30 billion loan from the Federal Reserve and a $5 billion subordinated loan from AIG.
This money was used to purchase multisector collateralized debt obligations on which AIG
has written credit default swap contracts. Central bank here acts again „as a last resort“, but
this already can be seen as too artificial act that crosses the line. On the other hand, when
we look at the position of this insurance company in the U.S. financial market, the collapse
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of AIG could have more directly touched the ordinary people as the bankruptcy of an
investment bank and the bigger psychological burden could have caused an unsolvable
domino effect.
Citibank group undergone similar problems that again led the Treasury and Federal
Deposit Insurance Corporation (FDIC) to intervene in November 2008, when provided
capital protection against outsized losses on a pool of about $306 billion in residential and
commercial real estate and other assets, Citigroup has issued preferred shares to the
Treasury, which has purchased an additional $20 billion in Citigroup preferred stock using
TARP funds.
Bank of America that merged with Merril Lynch on January 2nd 2009 has
problems that were solved as in the case of Citibank. It was provided by protection against
the possibility of unusually large losses on a pool of approximately $118 billion of
financial instruments. On the other hand Bank of America had to issue preferred shares to
the Treasury and FDIC as the providers of the protection.28

2.5.3 Eurozone
ECB as other central banks tried to prevent against financial crisis by using all possible
tools to prevent further deterioration of the financial market and after all return to the
positive numbers, However, there are differences between Eurozone and USA in the
structure of financial markets. In Eurozone sector, the financial market is much more
biased towards the banking sector than in USA. On the other hand, the ratio of direct debt
securities account to GDP in euro area is two times smaller than in USA.
According to the facts of stronger role of banking sector in euro area, ECB was the
first that took action already in August 2007 after the first signs of stress. There was lent
€95 billion in overnight lending. These provisions keep on going until September 2008,
when the difficulties rose to the level that required stronger actions for in providing
liquidity. Trichét (2009) in his speech described three main building blocks of the new
procedure of providing liquidity.
First block should help banks to provide credit to households on the same level as
before. ECB used refinancing operations at very low lending rates with expansion of
maturity up to six months, which made the liquidity unlimitedly available, because ECB

28

All data in this section gathered from www.federalreserve.gov
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was also prepared to provide any shortage of liquidity, even for this interest rates, so it
acted „as a surrogate for the market in terms both liquidity allocation and price setting.“29
Second block was used to make it easier for banks to lend money. ECB used similar
tool as in USA, where they enlarged the list of assets used as collateral. In Euro area
government securities accounted only for 44 % of the nominal value of all assets used in
collateral.
Third block includes operational changes in October 2009 that was used to increase
the number of counterparties that are able to participate in refinancing operations. Before
crisis there were 1,700 credit institutions participating in refinancing operations, after the
changes, the number increased to 2,200.
ECB also used central banks swap lines and direct capital injections to companies
were used in Euro area also relatively widely. In most of the countries, where the capital
injections were used, it was done through acquisitions of preferred shares, only some
countries decided to make it through the ordinary shares.
Figure 2.5.6 Public sector interventions in selected countries during financial crisis as a
percentage of GDP in 2007

Source: Miles (2009)

Figure 2.5.6 is showing the comparison of the size of interventions expressed as a
percentage between selected Eurozone countries, U.S. and U.K. The amount spent by
public interventions is calculated as a percentage of GDP from year 2007 of these
countries. Interventions in the countries from Eurozone are mostly much smaller and did
29

Trichét (2009), p.5
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not reach the level of interventions in U.K. or U.S.. Interventions in U.K. are the highest,
where the commitments of banks to U.K. government (also through Bank of England) are
£850 billion, which is around 60 % of U.K.´s GDP in 2007. The only state from Eurozone
that is comparable to U.K. and U.S, where interventions almost reaches 50 % of respected
GDP, is The Netherlands with the amount over a half of their GDP from 2007. The biggest
liquidity trouble in this country were caused by Belgian-Dutch group Fortis, this also had
an affect of the size of interventions in Belgium that is together with The Netherlands,
Austria and Finland the only country from Eurozone that overcomes 30 %.
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3

Copula Theory

First references about ideas that now stands behind a copula theory can be found in work
of Hoeffding from early 1940´s on margin-free measures of association, where he used
uniform margins on  1 / 2, 1 / 2 . A word copula and theorem that defines this function was
first mentioned (and named after the author) in work of Sklar (1959), but only in the last
decade, the use of copulas has become very wide. Publications of Joe (1997) and Nelsen
(1999) made this methodology popular and it started to be used in many parts of science
and life.
Reason for implementation of the idea of copulas in economics was the need for
statistical (or mathematical) tool that would help to go one step further in area of Integrated
Risk Management (IRM). The analyses of risks are dealing with extreme events. Besides
marginal information about each of these events, dependence between them is another
crucial part that has to be somehow described. Copula approach provides an upgrade to the
correlation dependence structure, which was „the first choice“ in the past. As it is known,
these extreme events are heavy tailed (they appear in clusters) so there should not be a
satisfaction in the use of so-called Gaussian (normal) assumption and going beyond
normality is another needed improvement.
In this chapter we first define a copula function and its basic characteristics together
with the general measuring of the dependence including tail dependence definitions that
plays important role in credit risk modelling. Another section of this chapter is describing
different parametric copulas that are commonly used including elliptical and Archimedean
type of copulas. Finally, the last part is elaborating more on the subject of how to choose a
copula that is the best in describing dependence structure of tested data.

3.1

Basic Definitions

A copula is a function that links together marginal distribution functions to form a joint
distribution. It is solving the problem of recovering the dependence structure among
random variables, because it separates the information about the marginal distribution of
each variable that form the multivariate density and the information about their dependence
structure. The separation is done by transformation of marginal distributions into uniform
distributions.
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In comparison with correlations, the copula approach is describing not just linear
but also non-linear dependencies and copula functions are invariant under increasing and
continuous transformations of the marginal distributions. In general, correlation is giving
just a little weight to the extreme events (tail events) so in this manner correlation is not an
appropriate way how to measure distress dependence when we are assuming that financial
assets do not have a normal distribution.
All the copula definitions and theorems are completely gathered in the work of
Embrechts (2001) that summarizes all the main facts in formal way. However, we can find
another work of Embrechts with his personal view (Embrechts (2009)) that provides us
with „easier“ definition of the copula argument:
Xi

Random variables

with continuous distribution functions

Fi , i  1, 2 ,

U 1  F1 ( x), U 2  F2 ( x ), are both uniformly distributed random variables on 0,1 . Then
for some joint distribution function F with marginal distribution functions F1 and F2 ,
F  x1 , x 2   P X 1  x1 , X 2  x 2 
 P F1  X 1   F1  x1 , F2  X 2   F2  x 2 
 PU 1  F1  x1 , U 2  F2  x 2 
N

 C F1  x1 , F2  x 2 
N

where  stands for „is denoted by“. The C is exactly a copula, a distribution function on

0,12

with standard uniform marginals, C is the distribution function of the random vector

U 1 ,U 2 T .
For a complete formal definition of copula function we need to define n-copula as joint
distribution on 0,1 with a specific set of properties.
n

Definition 3.1.1 An n-dimensional copula is a function C with domain 0,1 such that
n

1. C is grounded and n-increasing.
2. C has margins C k , k = 1, 2, ... , n, which satisfy C k (u )  u for all u in

0,1 .
Note that for any n-copula C, n  3 , each k -dimensional margin of C is a k-copula.
Equivalently, an n-copula is a function C from 0,1 to 0,1 with the following properties:
n

1. For every u in 0,1 , C(u) =0 if at least one coordinate of u is 0, and C(u) = u k
n
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if all coordinates of u equal 1 except u k .
2. For every a and b in 0,1 such that ai  bi i for all i , VC a, b   0 .
n

Since copulas are joint distribution functions on 0,1 , a copula C induces a probability
n

measure on 0,1

n

via VC 0, u1 x ... 0, u n   C u1 , ... , u n  and a standard extension to

arbitrary (not necessarily n-boxes) Borel subsets of 0,1 . A standard result from measure
n

theory says that there is a unique probability measure on the Borel subsets of 0,1 which
n

coincides with VC on the set of n-boxes of 0,1 . This probability measure will also be
n

denoted VC .

Theorem 3.1.2 (Sklar´s Theorem) Let H be an n -dimensional distribution function with
n

margins F1 , ... , Fn . Then there exists an n -copula C such that for all x in R ,
H  x1 , ... , x n   C F1  x1 , ... , Fn  x n 

(3.1.1)

If F1  x1 , ... , Fn  xn  are all continuous, then C is unique; otherwise C is uniquely determined
on RanF1 x ... xRanFn . Conversely, if C is an n-copula and F1  x1 , ... , Fn  xn  are distribution
functions, then the function H defined above is an n-dimensional distribution function with
margins F1  x1 , ... , Fn  xn  .

From Sklar's Theorem we see that for continuous multivariate distribution functions, the
univariate margins and the multivariate dependence structure can be separated, and the
dependence structure can be represented by a copula.

Corollary 3.1.3 Let H be an n-dimensional distribution function with continuous margins
F1 ,..., Fn and copula C (where C satisfies (1)). Then for any u in 0,1 ,
n

C (u1 ,..., u n )  H ( F11 (u1 ),..., Fn1 (u n ))

Consider the functions M n ,  n and W n defined on 0,1 as follows:
n

M n (u)  min( u1 ,..., u n ) ,
 n (u)  u1 ,..., un ,
W n (u) = max u1  ...  u n  n  1,0  ,
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The functions M n and  n are n-copulas for all n  2 whereas the function W n is not a
copula for any n  3 .

Example 3.1.4 Consider the n-cube 1 / 2,1  0,1 .
n



n



VWn 1 / 2,1  max 1  ....  1  n  1,0  n max(1 / 2  1  ...  1  n  1,0)
n

n
   max(1 / 2  1 / 2  1  ...  1  n  1,0) ...
2
Hence W n is not a copula for n  3 .30

Next step is to define a theorem that sets the fundamental best possible bounds
inequality for multivariate distribution functions. Its first form was found independently by
Fréchet and Hoeffding in 1950´s, when they formed relationship between marginal
distributions and their joint distribution. The use of copulas and Sklar´s theorem changes
these bounds with additional information about the joint distribution H.

Theorem 3.1.5 (Fréchet-Hoeffding bounds inequality theorem) If C is any n-copula,
then for every u in 0,1 ,
n

W n (u )  C (u )  M n (u )

(3.1.2)

Although the Fréchet-Hoeffding lower bound W n is never a copula for n  3 , it is the best
possible lower bound in the following sense.

3.2

Measuring Dependencies

In this section we elaborate more on the subject of dependence. We define the main
measures of dependence. The Pearson’s coefficient is the first and the only dependence
measure that is not copula-based. It is basically known as correlation coefficient or linear
correlation measure. We show the drawbacks of this measure and compare it to the copulas
which are considered as an improved measure of dependence. The other measure is
concordance including Kendal´s tau and Spearman rho coefficients that are lately titled as

30

Example can be found in Embrechts (2001) as well as the definitions or alternatively in Nelsen (1999)
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„measures of association“ that is used as a more specific and explicit name. Finally, we
focus on the tail dependence and define what it means in terms of copulas.

3.2.1 Pearson’s Correlation
Linear correlation coefficient for two random variables X and Y is defined by
equation
Cov ( X , Y )
,
Var ( X ) Var (Y )

 ( X ,Y ) 

(3.2.1)

where Cov ( X , Y ) is the covariance of ( X , Y ) T and Var ( X ) and Var (Y ) are the variances
of X and Y. For linear correlation coefficient holds  ( X , Y )   1,1 , where in the case of

 ( X ,Y )  1
there is a perfect linear dependence.
Pearson’s correlation is invariant under strictly increasing linear transformations,
which is also the disadvantage of this measure that the transformations have to be linear.
Another important property, used in portfolio theory is that the variance of linear
combination is fully determined by pairwise covariances between the components. If we
take any   R n it holds that





Var  T X   T Cov  X  ,
where Cov  X  :  Cov  X, X  .
Embrechts (2001) see the popularity of this measure in easy calculations and in the
fact that it is useful measure for elliptical distributions that are very often used, as normal
and t- distribution. However, even for joint t-distribution, when we are dealing with
extreme events as in this diploma thesis it is not possible to use linear correlation as a
measure of dependence, not mentioning the fact that there is a lot more non-elliptical
distributions appropriate to model tail events. This is the place where copula-based
measures come along and overcome the problem of non-linear dependencies.
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3.2.2 Concordance
The concept of concordance and tail dependence is dealing with the problem of
simultaneous occurrence of extreme events in pairs of random variables. Definitions of
concordance can be found in Nelsen (1999) and Embrechts (2001).
If we take one pair of observations  xi , y i  and x j , y j  from a vector  X,Y  of
continuous random variables, then these observations are concordant if
xi  x j and y i  y j , or if xi  x j and y i  y j

and discordant if
xi  x j and y i  y j , or if xi  x j and y i  y j

This idea is used in measure of association Kendall’s tau. If we assume that vector  X,Y 
n
has n observations, we can choose   pairs of observations as we did before. Let c be the
2
number of concordant and d the number of discordant pairs. Then Kendall’s tau t is equal
t

n
cd
 (c  d ) /  .
cd
2

The population version of this measure can be found by assuming two random
vectors

 X 1 ,Y1  and  X 2 ,Y2  that are i.i.d. We can write the Kendall’s tau as a difference

between concordance and discordance:

 X ,Y  P( X 1  X 2 )(Y1  Y2 )  0  P( X 1  X 2 )(Y1  Y2 )  0
Kendall’s tau expressed with the use of copulas and their relationship is described
in next theorem
Theorem 3.2.1 Let  X 1 ,Y1  and  X 2 ,Y2  be independent vectors of continuous random
variables with joint distribution functions H 1 and H 2 , respectively, with common margins
F (of X 1 and X 2 ) and G (of Y1 and Y2 ). Let C1 and C 2 denote the copulas of  X 1 ,Y1 
and

 X 2 ,Y2  ,

respectively,

so

that

H 1 ( x, y )  C1 ( F ( x ), G ( y ))

and

H 2 ( x, y )  C 2 ( F ( x), G ( y )) . Let Q denote the difference between the probabilities of
concordance and discordance of  X 1 ,Y1  and  X 2 ,Y2  , i.e., let

Q  P( X 1  X 2 )(Y1  Y2 )  0  P( X 1  X 2 )(Y1  Y2 )  0.
Then
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Q  Q (C1 , C 2 )  4 2 C 2 (u , v)dC1 (u, v )  1 .31
I

In this theorem Q is the difference between concordance and discordance and it shows that
Q is a function of copulas C1 and C 2 that creates joint distribution functions of vectors.
The use of two different copulas comes from the possibility that despite the fact that X j ´s
have common distribution and Y j ´s have also common distribution the dependence
between different X j ´s and Y j ´s can be different.
Another measure of association is Spearman’s rho. Let  X 1 ,Y1  ,  X 2 ,Y2  and

 X 3 ,Y3 

be three independent random vectors with a common joint distribution function

H (whose margins are F and G) and copula C. Then the population version of Spearman’s
rho is defined as

 X ,Y  3( P( X 1  X 2 )(Y1  Y3 )  0  P( X 1  X 2 )(Y1  Y3 )  0 )
This means that Spearman´s rho is proportional to the difference of probability of
concordance and probability of discordance for vectors  X 1 ,Y1  and  X 2 ,Y3  , where the
components of the ladder are independent, which means that the joint distribution function
of vector

 X 2 ,Y3 

is F(x)G(y). For relationship between Spearman´s rho and copula

function is then define as

 X ,Y  3Q (C ,  )  12  2 uvdC (u , v)  3  12 2 C (u , v)dudv  3 ,
I

I

where function  defines the joint distribution function of vector  X 2 ,Y3  and is defined
in Corollary 3.1.3.

3.2.3 Tail Dependence
The concept of tail dependence again relates to the amount of dependence in the upperright quadrant tail or lower-left-quadrant tail of a bivariate distribution. It is a concept that
is relevant for the study of dependence among extreme values, which is our case.

Definition 3.2.2 Let ( X , Y ) T be a vector of continuous random variables with marginal
distribution functions F and G. The coefficient of upper tail dependence of ( X , Y ) T is

31

Nelsen (1999), p. 159, including proof, I

2

 (0,1)  (0,1)
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lim P Y  G -1 (u ) X  F 1 (u )  U
u 1

provided that the limit U  0,1 exists. If

(3.2.2)

U  0,1 , X and Y are said to be

asymptotically dependent in the upper tail; if U = 0, X and Y are said to be asymptotically
independent in the upper tail.





Since P Y  G -1 (u ) X  F 1 (u ) can be written as



 

 



1  P X  F 1 (u )  P Y  G 1 (u )  P X  F 1 (u ), Y  G 1 (u )
1  P X  F 1 (u )





We can defined the tail dependence also in terms of copula function, because it is a copula
property. 32

Definition 3.2.3 If a bivariate copula C is such that

lim (1  2u  C (u, u )) / 1  u )  U

(3.2.3)

u 1

exists, then C has upper tail dependence if U  0,1 , and upper tail independence if

U  0 .
The concept of lower tail dependence can be defined in a similar way. If the limit

lim C (u, u )   L exists, then C has lower tail dependence if  L  0,1 , and lower tail
u0

independence if  L  0 . Alternatively, if we consider a random vector (U , V ) T with
copula C, the formula for the L has form

 L  lim

u0

C (u , u )
dC (u , u )

 lim
 lim  C ( s, t )
u

0
u

0
u
du
 s

s t u




C ( s, t )
t

s t u





 lim PV  u U  u PU  u V  u
u 0

Furthermore if C is an exchangeable copula ( C (u , v)  C (v, u ) ), then the expression  L
simplifies to

 L = 2 lim PV  u U  u
u 0

The survival copula of two random variables with copula C is given by
Cˆ (u , v)  u  v  1  C (1  u ,1  v)
32

Definitions of tail dependence are defined in Joe (1997), for more specific details about tail dependence see
Schmidt (2002), more about tail dependence in terms of copulas see Schmidt (2006)
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and the joint survival function for two U (0,1) random variables whose joint distribution
function is C is given by
C (u , v)  1  u  v  C (u, v )  Cˆ (1  u ,1  v)

Hence it follows that
C (u , u )
Cˆ (1  u ,1  u )
Cˆ (u , u )
 lim
 lim
u 1 (1  u )
u 1
u 0
(1  u )
u

lim

so the coefficient of upper tail dependence of C is the coefficient of lower tail dependence
of Ĉ . Similarly the coefficient of lower tail dependence of C is the coefficient of upper tail
dependence of Ĉ .

3.3

Parametric Copulas

3.3.1 Elliptical Copulas
This family of copulas is set by their common characteristic which is the elliptical
distribution.
Definition 3.3.1 If X is a n-dimensional random vector and, for some   R n and some

n  n nonnegative definite, symmetric matrix  , the characteristic function  X-  (t) of
X-  is a function of the quadratic form t T  t ,  X-  (t)   ( t T  t ), we say that X has
an elliptical distribution with parameters  ,  and  and we write X~ E n (  , ,  )
Theorem 3.3.2 X~ E n (  , ,  ) with rank    k if and only if there exist a random
variable R  0 independent of U, a k-dimensional random vector uniformly distributed on





the unit hypersphere z  R k z T z  1 , and an n  k matrix A with AAT   such that
d

X    RAU

3.3.1.1

Gaussian Copula

Gaussian copula is named after its origins in normal distributions. For n-variate case with
the correlation matrix R the Gaussian copula is of the form:





C R u    nR  1 u1 ,...,  1 u n  ,

(3.3.1)
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where  nR denotes the joint distribution function of the n-variate standard normal
distribution function with linear correlation matrix R , and  1 denotes the inverse of the
distribution function of univariate standard normal distribution. When we rewrite the
equation (12) for bivariate case we get:
C R u, v   

 1 ( u )





 1 ( v )



 s 2  2 R12 st  t 2 
1
exp

dsdt .
2 (1  R122 )
2(1  R122 ) 


(3.3.2)

Linear correlation matrix R from equation (4.3.1) becomes a linear correlation coefficient

R12 in equation (4.3.2). Important fact is that Gaussian copulas do no have upper and lower
tail dependence, the proof is provided for example in Embrechts (2001) where is proved
non-existence of upper tail dependence from which due to radially symmetric distribution
follows also non-existence of lower tail dependence.
If we want to derive the density function of copula we have to follow the
expression
c(u1 , u 2 ) 

 R2  1 u1 ,  1 u 2 
,
  1 u1   1 u 2 

(3.3.3)

where  R2 is a joint density function of bivariate standard normal density function and  is
a marginal density function for each of the variables u1 , u 2 . In this case for copula function
from equation 4.3.2 it is obvious that the marginal functions in the denominator are both
denoted as  because they have the same standardized normal distribution N 0,1 .
Before we use this formula to get the derivative of copula distribution function, we





should have in mind that for copula function holds C u, v    2R  1 u ,  1 v  , where

u  u1 , v   u 2  , from which follows that u1   1 u , u 2   1 v  . As a result for a
density function of Gaussian copula we get
c R (u1 , u 2 ) 

  1 u1 2   1 u 2 2  2 R12  1 u1  1 u 2   1 u1 2   1 u 2 2 
exp 


2
2

2
1

R
1  R122
12


1





(3.3.4)
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Figure 3.3.1 Bivariate normal density copula function for correlation coefficient R12  0.5
(left-hand side) and the same function for R12  0.8 , 3D plots33
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Source: Author’s34

In Figure 3.3.1 we can how is changing the bivariate normal density copula
function when we increase the correlation coefficient. The change can be seen also on the
next graph 3.3.2 that shows the upper look with the use of isolines.

Figure 3.3.2 Bivariate normal density copula function for correlation coefficient R12  0.5
(left-hand side) and the same function for R12  0.8 , contour plots
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3D plots are cut for high values in the diagonal corners to get a better look at the other parts of the plots
All further plots of copula densities and distributions created with the use of these copulas are author´s
created in program Mathematica
34
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Figure 3.3.3 Bivariate normal distribution created with the use of copula function for
correlation coefficient R12  0.5 3D plot (left-hand side) and its contour plot
2

0.2

1

0.15
0.1
0.05

2
1

0

0
2
0

1
-1

0

-1
-1

-2

-2 -2

3.3.1.2

-2

-1

0

1

2

t - copulas

These copulas also belong to the elliptical family of copulas, but they are formed from
Student t-distribution, which means that the multivariate distribution function will be
multivariate Student t-distribution and also the marginals will be Student t-distribution
functions. Similarity of Gaussian and Student t-copulas depends on degrees of freedom.
For smaller degrees of freedom (less than 30) we can find the main difference in heavier
tails, which is very useful for modelling extreme events.

Theorem 3.3.3 If X has the stochastic representation
X d  


Z
S

where   R n , S ~ 2 and Z ~ N n 0,   are independent, then X has an n-variate t distribution with mean  (for   1 ) and covariance matrix  /(  2)  (for   2 ). If

  2 , then Cov(X) is not defined. In this case we just interpret  as being the shape
parameter of the distribution of X.
The copula of X can be written as
Ct , R (u)  tn, R (t1 (u1 ),..., t1 (u n )
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where Rij   ij /  ii  jj , for i,j 1,..., n and where tn, R denotes the distribution function
of  Y/ S , where S ~ 2 and Y ~ N n 0, R  are independent. Here t denotes the (equal)
margins of tn, R , i.e. the distribution function of  Y1 / S . In the bivariate case the copula
expression can be written as35

C , R u, v   

t

1

(u )





t

1



  2 

 (  2 ) / 2

(v )
 s 2  2 R12 st  t 2 
 2 
dsdt
1 

 (1  R122 ) 
 
2 1/ 2 
  (1  R12 )
 2

(3.3.5)

For bivariate t-copula density function we find derivative of previous copula distribution
function and after some adjustments we get

c , R u1 , u 2  

1
1  R122

2
2
1
1
2 1
1
   2      1  t u1   t u 2   2 R12 t u 1 t u 2  

   

 1  R122
 2  2 

2
 2

  1 
t1 u i   2


2 

 i 1  1 
 2 
 






 2
2



(3.3.6)
where  is a gamma function.36

In Figure 3.3.4 we show densities with different degrees of freedom instead of
correlation coefficients as we did for the Gaussian copulas because we wanted to show the
difference resp. similarity between t-copulas and Gaussian copulas. The higher degree of
freedom the more similar they are, which we can see when we look at the values in the offdiagonal corners

0,1 and 1,0 . For low degrees of freedom these values were non-zero

but as we are increasing the degrees of freedom, the off-diagonal corners values are
converging to zero as they are zero for Gaussian copulas (for any parameter level).37

35

Embrechts (2001), p.26

36

Gamma function satisfies  z  





z

t z 1e t dt

37

3D plots are again cut for the high values for purpose of making visible low values in off-diagonal
corners, the same reason of bad visibility of differences from Gaussian copulas is for not including the
contour plots.
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Figure 3.3.4 Bivariate density of t-copula function with degrees of freedom   4 (3D
plots) and on the right side the same function with   30

2

2

1

1
0.8

0.8

0

0.6

0

0.6

0.8
0.4

0.8
0.4

0.6
0.4

0.2

0.6
0.4

0.2

0.2

0.2

The tail dependence coefficients for t-copulas are the same for upper and lower tail
dependence due to symmetricity of elliptical copulas





U   L  2 * 1  t 1   1 1  R122 / 1  R122



(3.3.7)

From equation 3.3.7 we can see that if we increase the number of degrees of
freedom  , the tail dependence is decreasing, as it should be approaching zero to be
consistent with the previous arguments about similarity with Gaussian copula.38

3.3.2 Archimedean Copulas
Archimedean copulas belong to a class of copula functions of simple form that are not
derived from the multivariate distribution function by using a Sklar´s theorem. The term
Archimedean arises from the one of the definitions of Archimedean property which says
that if we have two real numbers u and v from interval 0,1 , then there exists an integer

n such that u n  v . Given a copula C , define „C-multiplication“  by u  v  C u , v  .
Then u n is defined recursively by u 2  u  u and u n  u n1  u . Archimedean copulas
satisfy this with respect to „C-multiplication“  .39
Archimedean copulas have some considerable differences in comparison to
elliptical family of copulas. As it was mentioned before they are not derived from a
multivariate distribution which makes it more difficult to create multivariate extensions of
Archimedean 2–copulas to n-copulas, where we face another problem of lack of free
38
39

For informations about t-copula with multiple parameters (degrees of freedom) see Luo (2009)
This sometimes holds also for non-archimedean copulas, for more details see Nelsen (2005)
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parameter choice. On the other hand, these copulas have a closed form solution and also
some other „useful“ properties, from which is usually mentioned the associativity property
that is satisfied by the most of the Archimedean copulas, C is associative if

C C u , v , w  C u , C u, w . If we want to formally defined Archimedean copulas we need
to first defined so-called generator of copula (  ) from which follows the theorem that sets
the form and existence of this class of copulas.
Definition 3.3.4 Let  be a continuous, strictly decreasing function from 0,1 to 0,  
such that  1  0 . The pseudo-inverse of  is the function  1 : 0,    0,1 given by



1

  1 (t ),
(t )  
 0,

0  t   (0)

 (0)  t  

Finally, if  0    , then  1   1 we call this a strict generator.
Theorem 3.3.5 Let  be a continuous, strictly decreasing function from 0,1 to 0,  
such that  1  0 , and let  1 be a pseudo-inverse of  . Let C be the function from
to 0,1 given by

0,12

C u, v    1  u    v 

(3.3.8)

Then C is a copula (Archimedean) if and only if  is convex.
The generator and its inverse function are then used to characterize the tail
dependence parameters
Theorem 3.3.6 Let  be a strict generator such that  1 belongs to the class of Laplace
d

transforms of strictly positive random variables. If  1 0  40 is finite then
C u, v    1  u    v 
d

does not have upper tail dependence. If C has upper tail dependence, then  1 0   
and the coefficient of upper tail dependence is given by41
d

U  2  2 lim
s 0

 1 2 s 
d

 1 s 

.

(3.3.9)

The coefficient of lower tail dependence is equal to

d

40

 1 define a first derivative of inverse of generator function  1

41

In various literature can be alternatively found U  2  lim
s0

1   1 2 s 
 1 2s 
and


lim
L
s   1 s 
1   1 s 
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ô

 L  2 lim

s 

 1 2 s 
ô

 1 s 

.

(3.3.10)

This theorem 3.3.6 can be easily proven by plugging equation 3.3.7 into equation
3.2.2.42
We can find different combinations of strength of tail dependencies among
Archimedean copulas. The asymmetric property of these families of copulas is big
advantage against the elliptical (radially symmetric) copulas. Existence of the tail
dependencies alone allows simulating realistic situation where the extreme events happen
together. Furthermore, combination of non-zero lower-tail dependence with also non-zero,
but smaller, upper-tail dependence simulate the fact that the negative extreme events create
bigger clusters than the positive ones. This specific dependence structure is satisfied by a
Clayton copula.
Clayton copula has the generator  t  of form:

 (t )  t   1 /  ,
where the parameter    1,   \ 0 . The expression for copulas from Clayton family is
then





C (u, v )  max u   v   1

1 / 



,0

(3.3.11)

This function is positive for the parameter   0 . As the parameter  approaches infinity,
the copula reaches the Fréchet upper bound C   M . For  with zero value, resp. with the
limit value C lim   and when the parameter is equal to -1 copula attains Fréchet lower
 0

bound C 1  W .43
To get the density of Clayton copula we find the second-order derivative of
function (with respect to u and v), that gives us
 1

c u , v   1   uv 

42
43

u





 v   1

2 1 / 

(3.3.12)

Full proof in Embrechts (2001)
According to Fréchet-Hoeffding bounds inequality theorem (Theorem 4.1.4)
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Figure 3.3.5 3D plots of Clayton copula density with parameter   1 (different sights)
and bivariate distribution function created with the use of Clayton copula and its contour
plot
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Another Archimedean copula is called Gumbel copula. This function is the reverse
case of the previous Clayton copula. The lower tail dependence is in this case weaker then


the upper tail dependence. Generator  t  for Gumbel copula is equal to  ln t  , where

  1,   . This leads to the cumulative distribution function.







C (u , v )  exp   ln u    ln v 



1/



(3.3.13)

and Gumbel copula density function









1/



 1

ln u ln v 
exp   ln u    ln v 
c (u, v ) 
21 / 
uv ln u  ln v 

  ln u 





 1/

  ln v 



1  .
(3.3.14)
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Figure 3.3.7 3D plots of Gumbel copula density function for parameter   5 (left-hand
side plot) resp.   10 (right-hand side plot) and bivariate distribution function created
with the use of Gumbel copula and its contour plot
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Frank copula is the third copula that covers basically rest of the possible
dependences that are not covered by Gumbel and Clayton copula.44 Generator function is
in this case  t    ln

e t  1
. This gives us a form of Frank copula
e   1








e u  1 e v  1 
C u, v,     1 log 1 
,
e   1



(3.3.15)

where parameter  can have any value and in limit, infinite values makes value of copula
function achieve lower, resp. higher Fréchet-Hoeffding bound. Resulting density of Frank
copula function is:
cu , v,   

 1  e  e  u  v 

1  e   1  e 1  e 


u

v

2

.

(3.3.16)

44

There is large amount of copulas from this class (Nelsen (1999) recognizes 22 families), but for our
purposes and to cover basic types of dependences these three copulas are enough.
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Figure 3.3.8 3D plots of Frank copula density function for parameter   2 (left-hand side
plot) resp.   5 (right-hand side plot)
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Frank copula allows not only positive dependencies and is radially symmetric as
elliptical copulas. In contrast with Gumbel and Clayton copula tail dependence coefficients
are 0 on both tail. These two characteristics of Clayton copula makes it seems to be closer
to the elliptical copulas then to Archimedean

Figure 3.3.9 Contour plot of Frank copula density function for parameter   2 (left-hand
side plot) resp.   5 (right-hand side plot)
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Tail dependence coefficients are calculated by using the equations 3.3.8 and 3.3.9.

Example 3.3.7 To calculate upper-tail dependence for Clayton copula, which should be
zero, according to the characteristics of this copula family, we first find an inverse to the





generator function  (t )  t   1 /  . Then we find the derivative and plug the resulting
function into the definition of upper tail dependence
1 / 

 1 ( s )  1  s 

d

  1 (s )  1  s 

1 /  1
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and now we plug this into the equation 3.3.8
d

U  2  2 lim
s 0

1 /  1

1  2s 
 2  2 lim
s  0 1  s 1 /  1
s 

 1 2s 
d

 1



 2  2 *1  0 .

Tail dependence coefficients for every described copula are summarized in Table 3.3.8.

Table 3.3.8 Tail dependence coefficients
Lower-tail dependence (  L )

Upper-tail dependence ( U )

0

0

Gaussian
Copula



Clayton
Copula
Gumbel
Copula
Frank Copula

3.4



2 * 1  t 1   1 1  R122 / 1  R122

t-copula







2 * 1  t 1   1 1  R122 / 1  R122

2 1 / 

0

0

2  21 / 

0

0



Estimating parameters of Copulas

Every parametric copula has a parameter that has to be estimated to create a certain copula
function. Common method how to estimate these parameters is by using Maximum
Likelihood Method. This way we obtain an estimator

ˆ  arg max   ,


where a function   is defined as:
N

N

N

n 1

n 1

n 1

    ln cF  x n , G  y n ;    ln f  x n ,    ln g  y n ,  ,

(3.4.1)

N

where x n , y n n 1 is a matrix of sample data, F, G and f , g are cumulative respectively
probability distribution functions of marginals and  is a vector of all parameters.
Equation (3.4.1) can be solved pure parametric way or in semi-parametric way. We
focus more on the semi-parametric way, where we use a Canonical Maximum Likelihood
(CML) approach. This method consists of two steps. In the first step we estimate the
marginals and then used them for calculating the parameter(s) of copula.
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This can be done in pure parametric way45 or in semi-parametric way. In CML
approach, first step of estimating marginal distributions is non-parametric, because we are
using empirical distributions that we get from real data. In the second step we use these
empirical distributions for estimation of copulas parameters that should satisfy equation:
N





ˆC  arg max  ln c Fˆ  x n , Gˆ  y n ; C ,
C

n 1

where Fˆ , Gˆ are empirical distribution functions,  C are the parameters of copula.

3.5

Selecting Copulas

If we are looking for the best choice of distribution that would describe a set of data we can
use different kinds of goodness-of-fit tests that show us which of the possible distributions
fit the best. Now, we are dealing with the problem of checking whether a copula that was
chosen is the most appropriate one.
Most common goodness-of-fit tests are Kolmogorov-Smirnov test and AndersonDarling test. These two have the main difference in a smaller (bigger) sensitivity on
different parts of distributions. Kolmogorov-Smirnov test is used to test normal
distribution, because it is sensitive more in the centre of the distribution. Anderson-Darling
test is used for distributions that has stronger or at least non-zero sensitivity in the tails.
Kole (2006) suggested these two test in the form of distances together with their averages:
m
D KS
 max FE  xt   FH  xt  ,
t

D

a
KS

  FE  xt   FH  xt dFH  x ,


m
a
where DKS
is Kolmogorov-Smirnov distance and D KS
is its average

m
D AD
 max
t

a
D AD



FE  xt   FH  xt 
FH  xt 1  FH  x t 

FE  xt   FH  xt 
FH  xt 1  FH  xt 

,

dFH  x ,

m
a
where D AD
is a Anderson-Darling distance and D AD
is its average.

45

Here can be used Interference for margins estimator. For example, when we choose Student copula and
have normally distributed marginals,  includes copula parameters: correlation coefficient between
marginals r, number of degrees of freedom  and also parameters of marginals: mean and standard deviation
of each marginal distribution
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The second way of estimation is using the idea of maximum likelihood method.
Two main criteria are Akaike Information Criterion (AIC) and Bayes Information Criterion
(BIC), which are included in every good statistical program. They are defined as




AIC  2 ln ˆ  2q,
BIC  2 ln ˆ  q ln  N ,
where ˆ is the vector of estimators, q is the number of estimated parameters and N is a
number of observations in dataset. The lower is value of these criteria the more appropriate
model (copula) we have chosen.
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4

Consistent Information Multivariate Density
Optimizing Method (CIMDO)

Methodology of consistent information multivariate density optimizing was developed by
Segoviano (2006) and belongs to the group of financial models that are used to recover
distress in the system by developing a multivariate density. The resulted outcome can be
any joint probability of default, distress dependence matrix or probability of cascade
effects triggered by a particular institution.
Main idea behind developing CIMDO methodology is to provide a closer
connection between intuition or theoretical estimation of behaviour of random variables
and its real empirical observations. As it is already said in the name of this method we are
dealing with optimization problem. This optimization can be seen formally as minimizing
the Lagrangian function where in this case a model is optimized also with empirically
observed numbers that are plugged into the model so it can still be following the economic
intuition and also be consistent or at least closer to the consistency with the empirical
observations. In other words our economic intuition tells us how the function should look
like, but we are also observing some real numbers that should be included. The tool how to
properly put the economic intuition and empirical numbers together is provided by the
cross entropy approach that is based on prior and posterior density functions.

4.1

Minimum Cross Entropy Approach (MXEA)

Minimum cross entropy approach was developed by Kullback (1959) and Good (1963).
This approach stands on the basis of Shannon’s (1948) entropy measure, which is the result
of experiment with N trials (repetitions) with K possible outcomes (states). Entropy
measure is defined as

E ( p k )   p k ln p k ,

(4.1.1)

k

where X is a random variable with possible outcome values x k , k  1,2,..., K and
probabilities p k such that

p

k

 1 and where p k ln p k  0 for pk  0 .

k

Entropy concept was used by Jaynes (1957) to choose an unknown distribution of
probabilities when only partial information is available. He proposed the Maximum
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Entropy Distribution as to maximize the Lagrangian function, in order to obtain the
probability vector p that can be realized in the greatest number of ways consistent with the
known data.
The information contained in the data has been formalized in 1 ≤ t ≤ T moment
consistency constraints of the form
K

p

k

f t ( x k )  yt ,

(4.1.2)

k 1

where

y1 ,...., yT 

is a set of observations. As an extension to Maximum Entropy

Distribution it was developed Minimum Cross Entropy Distribution. In addition, it
assumes that there is some information that are known and that can be expressed by prior
density q. These known information are implemented into the objective function that is
defined as
K

C  p k , q k    p k ln
k

pk
.
qk

(4.1.3)

The T moment consistency constraints are the same as before and also the additivity
K

restriction

p

k

 1 , has to hold. From the constraints and the objective function we can

k 

create a Lagrangian function
K
K
K
p  T 



L   p k ln  k    t  y t   p k f t ( x k )   1   p k  ,
k
k
k



 q k  t 1 

(4.1.4)

where t and  are Lagrange multipliers. The main idea behind this procedure is to
minimize the difference between the posterior (p) and prior (q) probability vector, so
obtained Lagrangian function has to be minimized.
However, it needs to be clarified that the use of minimum cross entropy approach
(and so the minimum cross entropy distribution) makes the prior resp. posterior
distribution different from the better-known distributions used in Bayesian theory. The
difference is in the way of obtaining the posterior distribution, which in the minimum cross
entropy approach is done via an optimization rule.

4.2

Application of MXEA in CIMDO Modelling of Liquidity Risk

Minimum cross entropy approach is the core of the consistent information multivariate
density optimizing method. One way of looking at application of MXEA in CIMDO
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modelling is that we are simply minimizing the difference between theoretical density and
the real one.
When we rewrite the objective function obtained by the minimum cross entropy
method in equation 5.1.3 as a continuous function, while assuming the bivariate case46, we
get
 p  x, y  
C  p, q    p x, y  ln 
dxdy, where q x, y  and p x, y   R
 q  x, y  

(4.2.1)

In empirical part (section 6) we are modelling the liquidity risk under the condition of
market contagion. The consistency constraints given by equation (1) are then specified by
the observed probabilities of bank runs (PoR) and threshold values. These values are
observed for each of the banks.
If we consider two banks that should form the financial system multivariate density
(FSMD) we get one consistency constraint equation for each of the banks. This is the place
where we plug in the empirically observed numbers into the theoretical model.

  px, y  

xdx , 

x
dxdy  PoR t ,

  px, y  

xdx ,

y
dxdy  PoRt ,

p  x, y   0 ,
 

  px, y dxdy  1 ,

xdy xdx

where the indicating functions are defined as follows:
1 if x  X dx
1 if y  X dy
and
 X x ,    


x
X dy ,  0 if y  X y
d
0 if x  X d

d
The Lagrangian function that is formed by the objective function and consistency
constraints then has a form47:

  px, y  
    px, y dxdy  1

L p, q     p x, y  ln p x, y dxdy    p x, y  ln q  x, y dxdy  1
 2

  px, y  

x dy ,

  y dydx  PoRt

y

x dx ,



x
  x dxdy  PoRt 

(4.2.2)

46

M

Results presented for the bivariate case are directly applicable for R when M ≥ 2 (Segoviano (2006))
We included two banks that creates our multivariate distribution, additional bank would just form
additional constraint and multiplicator ( 3 )
47
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We are going to minimized this function with respect to p x, y  . This can be done with the
use of calculus of variations. This optimization leads to a result for a posterior multivariate
density function:48

p( x, y )  q ( x, y ) exp{(1    1x x ,  ( x )  2 x y ,  ( y ))}
d

(4.2.3)

d

As we can see, the posterior density which is the multivariate density function that we
wanted to find is set by the prior density and multiplicators. The prior density is set by the
thresholds, while each of these multiplicators is updating with the changes in the data that
are coming from the empirical observed results. In conclusion, in this model we are able to
join the information of marginal densities of the considered banks that satisfies empirically
observed probabilities of runs (PoR´s) to create financial system multivariate density
function.

4.3

Summary

The whole process of CIMDO methodology gives us two important advantages. The first
advantage is the higher accuracy of estimation of dependence structures. This process can
be defined with one copula function that was named CIMDO-copula and can be found in
Goodhart and Segoviano (2009). CIMDO-copula is considered as a non-parametric copula,
but we should be more careful with using this definition. The non-parametric label arises
from the fact that this function is changing with the change of multiplicators (1 ,...,  n ,  )
and they are changing due to the empirically observed PoR´s. However, parameters are not
excluded in the sense of not having any parameters explicitly set in this function.
Parameters are still there, which can be seen from equation 4.2.3 of final posterior joint
density function. This function includes the prior density q( x, y ) and according to
Goodhart and Segoviano (2009) it should be a function constructed by economic intuition
based on theoretical background. CIMDO-copula is then better to say corrected parametric
copula with respect to real data.
The second advantage CIMDO methodology is that it automatically gives us a time
series of joint probabilities of any kind. The upgrading of CIMDO-copula with the real
data upgrades the joint multivariate density and by that also upgrades the resulted number
of joint probability of bank run (JPoR) in time. When we use a parametric copula function,
48

For more details see Segoviano (2006)
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it is really hard and not efficient to get time series of JPoR. One way of using parametric
copulas and creating time series is upgrading the estimation of actual marginal densities.
For example we have to get a big sample of data, let us say daily data for 5 years and then
you pick a „window“ of a certain number of data and you move it on day by day basis (or
more) and every time the new set of data would give you a new set of parameters for
parametric copula function.
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5

Empirical Study of Market and Funding Liquidity
Risk in CEE Countries

5.1

Data

Data for empirical part were gathered from different sources to get all of the publicly
available numbers. In section 5.2 we calculate the liquidity ratios from balance sheets of
banks of CEE countries and Germany according to the list of banks provided by
Bankscope database. Ratios in this section are calculated annually, but for section 5.4, the
loan-to-deposit ratio (LTD) for banks in Czech Republic was calculated quarterly from
publicly available financial results. Annual reports from official web pages were also used
in the case of liquid assets-to-liquid liabilities ratio for all CEE countries. Some of the data
were missing, however on the aggregate level the final average ratio should be affected by
this only very slightly. In the section 5.3 are used values of the national banks in Czech
Republic (CNB) and Slovakia (NBS) together with the data from the stock exchanges –
Prague Stock Exchange (PSE) and Stock Exchange Bratislava (BSSE). Data were in this
case daily but after all, they were averaged to get the same duration as all factors (due to
the monthly calculated historical volatilities) to create the market liquidity indicator.

5.2

Liquidity Ratios

In annual report of a bank is almost never omitted a maturity structure of bank’s assets and
liabilities that are used for gap analysis, which is considered as one of the measures of
liquidity. In this section we analyze ratio between assets and liabilities with maturity up to
three month that should show the ability of banks to react to (or cover) the possible
(relatively increased) withdrawals of deposits. In theory, „the safest“ would be the situation
when the ratio is at least equal to one, which was also considered by Deutsche
Bundesbank, but in reality banks are not willing to keep that much of liquidity on their
accounts and they are trying to minimize the assets that are not earning satisfying interest.
This should be in close connection with the observed behaviour of depositors that can be
differently volatile depending also on the situation on financial market or even the whole
world economy. In Czech Republic and Slovakia (Figure 5.2.1) we found that this ratio
was lately on the level slightly under 0.6. In the case of Czech Republic this ratio fell in
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2007, while before it was almost reaching 0.9. Furthermore, the biggest banks49 in Czech
Republic (Česká spořitelna, Československá obchodní banka and Komerční banka) were in
the last two years under calculated average. In Česká spořitelna liquid assets in 2007 and
2008 covered only 25 % of liquid liabilities.

Figure 5.2.1 Averaged ratio of liquid assets (with maturity up to 3M) and liquid liabilities
(with maturity up to 3M) of banks in Czech and Slovak banking sector, annual data
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Source: Author’s calculations

When we compare these results with other CEE countries we can see that the ratios
are mostly similar, but there cannot be found any trend in the last four years (Figure 5.2.2).
Besides Czech Republic, a down-warding trend was in the last years in Hungary. On the
other hand, banks in countries as Estonia and especially Romania significantly increased
the ratio of liquid assets to liquid liabilities. The lowest ratio was found in Lithuania (in
every considered year).
Too high liquid assets are giving you a signal of no liquidity thread. However, it
can be a sign of inefficiency of a bank. When we look at the ratio in Romania, were banks
in the end of 2008 held almost twice more liquid assets than liquid liabilities it seems to be
more ineffective than cautious behaviour, even with the ongoing financial crisis and
liquidity problems in the world. Another liquidity indicator that also more describes the
inefficiency of banks is cash to total assets ratio.

49

According to total assets
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Figure 5.2.2 Averaged ratio of liquid assets (with maturity up to 3M) and liquid liabilities
(with maturity up to 3M) of banks in CEE countries, annual data, in %
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Figure 5.2.3 Averaged ratio: (Cash & Due from central banks) / Total assets, in CEE
countries and Germany (TOP 100) in 2006-2008 (at 31.12.), in %
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Ratio of cash and marketable securities to total assets, or in other words measure of
the portion of company's assets held in cash or marketable securities was again calculated
for CEE countries. As a benchmark is used Germany, where was included 100 biggest
financial institutions. As an historical example of this ratio is used liquidity ratio in U.K.
calculated from 1920´s (Figure A.2). Historically, this ratio was held over 30 % until the
beginning of 1970´s when after a dramatic fall, in the beginning of 1980´s this ratio was
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already under 5 %, It is still remaining under 5 %, which can seen also on the example of
Germany, where in the years 2006-2008, averaged ratio in Germany did not cross 2 % (on
average 1.59 %).
Under 5 % level is Slovenia (with an average 2.52 %), Hungary (2.75 %), Czech
Republic (3.94 %) and Poland (4.12 %) and again high ineffectiveness can be found in
Romania (21.16 %) and Bulgaria (11.39 %).
More detailed data of these ratios for each country can be found in Table 5.2.4,
where are stated averaged ratios of the biggest banks according to total assets (at December
31, 2008) and also banks with the highest and the lowest average.
Table 5.2.4 Liquid assets-to-Liquid liabilities ratio and Cash and due from central banksto-Total assets ratio
Czech Republic
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average
Bulgaria
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average
Poland
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average
Slovakia
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average

Bank
Česká spořitelna
ČSOB
Komerční banka
Česká exportní banka
GE Money Bank
PPF banka
Českomoravská zar. a rozv. Banka
Bank
Unicredit Bulbank
DSK Bank
United Bulgarian Bank
Bulgarian Development Bank
Eurobank EFG Bulgaria
Allianz Bank Bulgaria
Investbank
Bank
Powszechna Kasa Oszczednosci Bank
Bank Polska Kasa Opieki
BRE Bank
Noble Bank
Bank Zachodni WBK
Fortis Bank Polska
Nordea Bank Polska
Bank
Slovenská sporitelňa
Všeobecná úverová banka
Tatra banka
Prvá stavebná sporitelňa
Všeobecná úverová banka
Dexia banka
Citibank Slovakia

L.A./L.L.
0.30
0.48
0.52
1.76
0.27

L.A./L.L.
0.95
0.65
0.67
3.11
0.27

L.A./L.L.
0.64
1.16
0.58
1.32
0.23

L.A./L.L.
0.48
0.40
0.58
0.90
0.40

Cash/T.A.(%)
2.79
2.70
2.18

5.26
0.30
Cash/T.A.(%)
10.61
9.60
12.26

26.86
5.78
Cash/T.A.(%)
4.40
5.65
3.80

14.81
0.62
Cash/T.A.(%)
6.62
5.06
2.51

18.12
0.13
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Romania
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average
Latvia
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average
Estonia
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average
Lithuania
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average
Slovenia
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average
Hungary
TOP 3 Average
Highest Average
Lowest Average
Highest Average
Lowest Average

Bank
Banca Comerciala Romana
BRD - Groupe Societe Generale
Volksbank Romania
Alpha Bank
Raiffeisen Bank
Volksbank Romania
Alpha Bank
Bank
Swedbank
Parekss banka
SEB banka
Latvijas Tirdzniecibas Banka
Parekss banka
Privatbanka
Aizkraukles Banka
Bank
Swedbank
SEB banka
Eesti Krediidipank (E. Credit Bank)
Lohmus Haavel & Viisemann
Marfin Pank Eesti
BIGBANK
Eesti Krediidipank (E. Credit Bank)
Bank
SEB banka
Swedbank
AB DnB NORD Bankas
UAB Medicinos Bankas
AB DnB NORD Bankas
Bankas Snoras
AB DnB NORD Bankas
Bank
NLB - Nova Ljubljanska Banka
Abanka Vipa
UniCredit Banka Slovenija
Probanka Maribor
Gorenjska Banka Kranj
NLB - Nova Ljubljanska Banka
Volksbank-Ljudska Banka
Bank
OTP
K&H bank
CIB bank
FHB Jelzalogbank Nyrt.
OTP
Allianz bank
FHB Jelzalogbank Nyrt.

L.A./L.L.
0.71
0.89
2.86
4.24
0.70

L.A./L.L.
0.61
0.37
0.61
1.11
0.37

L.A./L.L.
0.55
0.55
0.83
2.05
0.26

L.A./L.L.
0.37
0.66
0.27
0.89
0.27

L.A./L.L.
0.83
0.88
0.83
1.08
0.44

L.A./L.L.
0.40
0.90
0.46
1.90
0.40

Cash/T.A.(%)
25.68
28.49
31.06

31.06
2.68
Cash/T.A.(%)
7.79
1.62
6.54

10.35
0.34
Cash/T.A.(%)
8.92
5.84
1.86

10.27
1.86
Cash/T.A.(%)
4.22
5.28
4.06

29.65
4.06
Cash/T.A.(%)
4.91
3.88
0.86

4.91
0.63
Cash/T.A.(%)
4.49
3.88
2.61

6.53
0.06
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5.3

Market Liquidity Index

In this section we try to recover market liquidity index in Slovakia. We use approach
similar to one considered for Czech Republic in Geršl (2009)50.
There are five dimensions of each of the four market measured by specific
indicator. However, all five dimensions have their own indicator only in the case of money
market all indicators are summarized in Table 5.3.1.
Table 5.3.1 Market Liquidity Index Indicators
Dimensions

Tightness

Depth

Resiliency

Volatility

Liq. Premia

Description

Bid-ask
spreads

Money
Market
O/N,1w,2w,
1m,2m,3m
(Spread
BRIBOR
vs BRIBID)

FX Market

Bond Market

Stock
Market

-

-

-

Total daily
stock trading
volume on
Stock market
Bratislava

Daily Turnover

SKONIA
volume

-

Total daily
bonds trading
volume on
Stock market
Bratislava

Return-tovolume ratio

Daily change
in SKONIA
index/daily
turnover

-

-

-

SKONIA
index

SKK/USD

-

Index SAX

2w BRIBOR
and NBS 2w
repo rate

-

-

30-days
historical
volatility
Spreads
between assets
with different
degree of liq.

MM indicator

Indicator

FX indicator
BM indicator
Market Liquidity Indicator

SM indicator

Source: Author’s, based on Geršl (2009)

Money market indicator (MMI) consists of five describing factors and we
considered money market itself, with respect to liquidity measuring, as more important one
than the other three indicators. According to the limitation of data we decided to put
specific weights on the sub-indices that create market liquidity indicator. Market liquidity
indicator (MLI) is then defined as:
MLI 

50

2 * MMI  0,5 * FXI  0,5 * BMI  SMI
4

(5.3.1)

Described also in section 3.3.1
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Tightness of money market was calculated with spreads between Bratislava
Interbank Offering Rate (BRIBOR) and Bratislava Interbank Bidding Rate (BRIBID) for
six lowest maturities. These six spreads were standardized, as all of the factors in the subindices, to normal distribution with a mean 0 and a standard deviation 1 and then averaged
to get one measure for tightness of money market.
In Figure 5.3.2 can be found six spreads in period from 2001 to 2008. Spreads were
most of the time around 0.3. Movements of all six in steady periods were close, but O/N
spread in times of bigger oscillation (early 2003, the third quarter 2007, the fourth quarter
2008) differs from other spreads. From the shock in April 2007 when O/N spread increased
from 0.36 to 0.59 it actually did not come back (until the end of fourth quarter of 2008) to
the traditional level where O/N spread was not higher than 0.02 from other spreads. After
the liquidity crisis in august 2008 began to have strong effects on money markets, the
spreads in Slovak money market again increased. However the difference between O/N
spread and others were again closer.
Figure 5.3.2 Spread between BRIBOR and BRIBID (Slovakia) 2001-2008, monthly
averages, in basis points
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Figure 5.3.3 Spread between PRIBOR and PRIBID (Czech Republic) Jan 2000- Dec 2009,
in basis points
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The oscillation in Slovak interbank sector was much higher than in Czech Republic.
We can see that in Figure 5.3.4, where are compared O/N spreads in these two countries.
Moreover, spreads in Czech Republic are three times smaller. On the other hand, the
increase in the end of 2008 in Czech Republic was much faster and after all it reaches the
level 0.4 as in Slovakia (Figure 5.3.3). In Czech Republic, O/N spread was in the
beginning of liquidity crisis at the same level 0.1 as longer maturity spreads and after the
same development as in Slovakia, with relatively slower growing O/N spread, it became
significantly smaller. The biggest difference was in January 2009, when 3M spread was
0.4, while O/N spread just 0.24
Figure 5.3.4 Spread between O/N PRIBOR and O/N PRIBID and Spread between O/N
BRIBOR and O/N BRIBID in 2001-2008, in basis points
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Market depth is measured by SKONIA volume for money market and by total
trading volume in bond and stock market. The higher trading volume should represent
better market depth and that means better liquidity conditions. Trading volume in bond and
stock market were calculated as a average daily volume for each month. In 2003, there
were days with huge oscillations in both of these markets, after that, the evolution was
more steady, mainly in stock market (Figure A.4).
After January 2004, average daily trading on bonds market faced cyclical ups and
downs. In Figure 5.3.5 are showed standardized values for both markets. The previous
period with extreme values is cut to get a chance to compare the standard deviations to
more realistic average. The upper part of noticeable „cycle“ start again in May 2008, after
a drop in August, this increasing trend continued for the rest of the year, also during the
period of liquidity stress in the world. SKONIA volume development can be found in
Figure 5.3.7 and this indicator shows deterioration in the second half of 2008. After
reaching its highest value 7084.05, in June 2008, it starts falling to 2,248 in December
2008. For comparison similar index in Czech Republic (CZEONIA) in these months even
increased from 27,223 in June 2008 to 35,355.4 in December 2008.
Figure 5.3.5 Average daily trading volume of Shares and Bonds, standardized - N(0,1),
monthly data from February 2004 to December 2008 as standard deviation from periods´
average
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Figure 5.3.6 SKONIA volume, monthly data Jan 2003 – Dec 2008
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Indicator for market resiliency was defined for money market as a daily changes in
SKONIA index over daily turnover. In general, the amount of daily trading volume should
have higher impact on the price under worse liquid conditions on the market. In our case, if
the daily change of SKONIA index with respect to the daily trading (SKONIA) volume is
higher, the more illiquid is the money market (Figure 5.3.7)
Figure 5.3.7 Daily changes of SKONIA index / SKONIA volume, standardized - N(0,1),
monthly data from January 2003 to December 2008 as standard deviation from periods´
average
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Source: Author’s calculations, NBS

Volatility dimension was measured by 30 days historical volatilities, which was
calculated as a standard deviation from average in each month. In the case of money
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market was used SKONIA index. For FX market was chosen exchange rate between
Slovak crown and US dollar. Slovakia adopted Euro as a currency on January 1st 2009,
which influenced our choice (US dollar instead of Euro). Stock market volatility is defined
by volatility in SAX index. The more volatile is the indicator, the less liquid is the market.
SAX index volatility was highest in February 2005, when SAX index jumped from value
333.87 at February 1, 2005 to 442.01 at February 28, 2005.51 In the time of liquidity stress
in the end of the year 2008 is increased volatility of SAX index and exchange rate. On the
other hand, volatility of SKONIA index stays at the same level (Figure 5.3.9).
Figure 5.3.8 SAX index, daily data for period Jan 2001 – Dec 2008
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Figure 5.3.9 30-days historical volatilities of SKONIA index and SKK/USD (left-hand
side figure), SAX index, monthly data (Jan 2003 - Dec 2008)
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Last indicator is liquidity premia, which is calculated for money market as spread
between 2 week BRIBOR and 2w Repo Rate set by NBS. Intuition suggested by Geršl
(2009) goes: the wider the spread, the higher liquidity premia is requested and more
51

Development of SAX index in figure 5.3.8
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illiquid is the market. In Figure 5.3.10 are compared these spreads in Slovakia and Czech
Republic. Spreads are again more steady in Czech Republic, where the movement of repo
rate was not that radical in time together with faster adjusting PRIBOR rate. In Slovakia
repo rate were already synchronized to the repo rates of ECB for better adoption of Euro in
1.1.2009. In the end of 2008 the evolution of this spread moves in different direction in
both countries. In Czech Republic it was a steep increase indicating lowering liquidity,
while in Slovakia this spread is slightly falling.
Figure 5.3.10 Spread between 2W BRIBOR and 2W Repo Rate (NBS) in Slovakia and
spread between 2W PRIBOR and 2W Repo Rate (ČNB) Jan 2003-Dec 2008, monthly data
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For every market we finally get a standardized time series from January 2003 to
December 2008. For each of the markets we use a Hodrick-Prescott filter. After we get
smoothed time series, we apply equation 5.3.1 and get overall market liquidity index for
Slovak financial market, defined as a standard deviation from historical average (Figure
5.3.11). Evolution of this index is very similar to the one for Czech financial market
developed by Geršl (2009) (Figure 5.3.12). Index start decreasing already in the first half
of the year 2008 and continued to fall after collapse of Lehman Brothers in U.K. in
September 2008.
Magnitude of the fall was in Czech Republic much smaller in comparison to U.K.
and in the case of Slovakia magnitude of decrease of market liquidity is even smaller then
in Czech Republic.

75

Figure 5.3.11 Market Liquidity Index for the Slovak Financial Market, as a standard
deviation from historical average
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Figure 5.3.12 Market Liquidity Index for U.K. and Czech Republic, as a standard
deviation from historical average

Source: Geršl (2009)

The crisis went on also in the beginning of the year 2009, but the bottom of slump
in this index for U.K. and Czech Republic was already in December 2008. Standard
deviation from historical average in U.K. reached -4, in Czech Republic it was over -1.2,
while the Slovak index reached only level -0.25. However, this result is affected by a
slightly different calculation of this index. In our case we put different weights for each
market mainly due to the missing data for bond market, which partially reverse the
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decrease of this index and one could argue that the decrease of index for Slovak financial
market could be a little stronger. The biggest weight was put on the money market, where
the fall in index was driven mainly by higher bid-ask spreads and fall in SKONIA volume.
The other factors strengthening the deterioration were higher volatilities of SAX index in
stock market and of exchange rate SKK/USD in FX market.
This result proves the fact, that as in Czech Republic, also financial market in
Slovakia was not that strongly affected by liquidity crisis. Financial institution was not so
interconnected with the stress facing parts of global financial market and they did not
possessed toxic assets. Market liquidity deteriorated, but it did not cause specific liquidity
problems for financial institutions in Slovakia.

5.4 Funding Liquidity and Market Contagion in Czech Banking
Sector
LTD ratio is defining the amount of loans funded by deposits. The higher it gets, the more
are the loans funded by borrowed funds, which is more costly and with respect to liquidity,
more risky. In this section we use this ratio as a measure of liquidity, despite the fact that
lately it has been criticized as a ratio that is slowly loosing the information that it carriers,
due to higher flexibility of selling old loans, nowadays.
We create copulas for three banks from Czech banking sector – GE Money bank,
Česká spořitelna, Komerční banka. We will use loan-to-deposit ratio (LTD) for Česká
Spořitelna and Komerční banka for period 2000 Q1-2009 Q3 and for GE Money Bank for
quarters 2003 Q1-2009 Q3. In Czech Republic, for the last five years, this ratio is on
average moving between 0.8 to 1 (Figure 5.4.2, left-hand side figure), which is relatively
smaller, than average in countries from Eurozone.
We have 39 observations for Česká spořitelna and Komerční banka, while for GE
Money bank we have 27 observations. This will be further in calculation equalized. LTD
ratio is significantly different for each of considered banks. The global average of LTD
ratio in Czech Republic from 2004 Q1 to 2009 Q3 is 0.92. As we can see in Table 5.4.1,
GE Money Bank kept this ratio higher, on average at 1.16, while Česká spořitelna and
Komerční banka were below this average at 0.75 resp. 0.88. LTD ratio of Česká spořitelna
was the least volatile with standard deviation lower than 0.06 and with all values fallen into
interval (0.6, 0.9). The most volatile is LTD ratio of Komerční banka that reached the
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lowest value 0.523 in the first quarter of 2007. The highest value from these three banks
was reached by GE Money Bank in the third quarter of 2006 and it was over 1.32.
Figure 5.4.1 Average LTD ratio in Czech banking sector, quarterly data (2005 Q1–2009
Q3) (left-hand side figure), LTD ratio for Česká spořitelna, Komerční banka and GE
Money Bank, quarterly data (2000 Q1–2009 Q3)
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Table 5.4.2 Descriptive Statistics and test of normality
GE Money Bank
1.1596
0.9112
1.3215
0.1377

Mean
Minimum
Maximum
Std.deviation
Jarque-Bera Test
Test Statistics
3.1772
Critical value (5 %)
4.2600
P-value (Chi^2)
0.2042
Skewness
-0.4937
Kurtosis
1.6402
H 0 not rejected
Null hypothesis
Kolmogorov-Smirnov Test
Test Statistics
0.1605
Critical value (5 %)
0.2290
H 0 not rejected
Null hypothesis

Česká Spořitelna
0.7485
0.6320
0.8700
0.0539

Komerční banka
0.8840
0.5230
1.1440
0.1823

0.3103
4.7200
0.8563
0.0719
2.5873
H 0 not rejected

4.1957
4.7200
0.1227
-0.6469
2.0472
H 0 not rejected

0.0090
0.1915
H 0 not rejected

0.2372
0.1915 (0.2379)
H 0 not rejected (1%)

Estimation of the parameters is done with the use of CML approach described in
section 3.4. Marginal distributions were tested for normality by Jarque-Bera test and
Kolmogorov-Smirnov test (Table 5.4.2), where are stated p-values and critical values that
are changing as the number of observations differs. The null hypothesis of normal
distribution is accepted when a test statistics value is lower than the critical value.
According to Jarque-Bera test for all three banks we do not reject the null hypothesis of
normal distribution on 5 % level of significance and for Kolmogorov-Smirnov test we do
not reject the hypothesis on 5 % level for Česká spořitelna and GE Money Bank and on 1
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% level for Komerční banka. Copula function should describe dependence structure
between LTD ratios of considered banks. Copula is in this case including the risk of
decreasing LTD ratio due to the decrease of this ratio in another bank. Loss of deposits (or
higher loans) in the first bank affect the amount of deposits in the second bank as a sign of
market contagion.
We use every copula defined in section 3.3. Test of which copula function fits the
best is based on Akaike Information Criteria (AIC) defined in section 3.4. First, we have to
always adjust the number of observations to make pairs of values for each time. However,
measured mean and standard deviation for Komerční banka and Česká spořitelna,
calculated with the use of bigger sample of 39 observations are not recalculated for 27
observations and used also for copulas joining these two banks with GE Money Bank.
Each copula has its own parameter, respectively vector of parameters that needs to be
estimated. For elliptical copulas it is the correlation coefficient and in the case of Student
copula we need to estimate also the number of degrees of freedom. Each of the
Archimedean copulas has its specific parameter that arises from the characteristics of the
function (section 3.3.2). In Tables 5.4.3 – 5.4.5 are resulted values of maximum likelihood
functions and AIC.

Table 5.4.3 Copula for Komerční banka and Česká spořitelna
Copula
Gaussian
Student
Gumbel
Clayton
Frank

Parameter
 r
  (r , )




Ln(L( ˆ ))
50.3813
30.3415
-0.0338
2.0457
3.0297

AIC
-98.763
-56.683
2.068
-2.091
-4.059

Table 5.4.4 Copula for Komerční banka and GE Money Bank
Copula
Gaussian
Student
Gumbel
Clayton
Frank

Parameter
 r
  (r , )




Ln(L( ˆ ))
29.6799
12.0693
1.4459
-2.7448
0.0027

AIC
-57.3598
-20.1386
-0.8918
7.4896
1.9945
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Table 5.4.5 Copula for Česká Spořitelna and GE Money Bank
Copula
Gaussian
Student
Gumbel
Clayton
Frank

Ln(L( ˆ ))
29.5125
-0.7484
0.7789
0.1518
-1.6018

Parameter
 r
  (r , )




AIC
-57.0250
3.4968
0.4421
1.6964
5.2036

In each case, the best copula according to AIC is Gaussian copula. The correlation
coefficient, as the only parameter that is estimated for this copula, is between Komerční
banka and Česká spořitelna surprisingly quite strongly negative (-0.366111), between
Komerční banka and GE Money Bank is positive, but almost zero (0.0262) and between
Česká spořitelna and GE Money Bank is positive and more significant (0.1017). We
choose Gaussian copula for further modelling and creating bivariate distribution function
for each pair of banks. The joint distribution of all pairs of banks can be found in Figure
5.4.6.

Figure 5.4.6 Joint distribution (with the use of Gaussian copula) of LTD ratios of Česká
spořitelna and GE Money Bank (a), Česká spořitelna and Komerční banka (b), Komerční
banka and GE Money Bank (c), 3D plots (left-hand side), Contour plots (right-hand side)
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We have chosen the most appropriate copula function for defining the bivariate
distribution of each pair of banks. In the next step we find the conditional probability that
would describe the effect of worsening the funding liquidity situation in one bank on the
other one. In our case it means that we should find the conditional probability of crossing
some high value of LTD ratio in one bank if this high value is crossed in another one. We
take the 95% quantile that is usually used for calculation of value at risk. The conditional
probability is then calculated as:


P  X  a Y  b 

  h  x, y  dxdy
a b



,

(5.4.1)

 g  y  dy
b
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where a, b are 95% quantiles for marginal distributions (the distribution of which are both
in this case normal), h x, y  is the joint distribution of banks X and Y found by the use of
chosen copula, g  y  is the marginal distribution of bank Y.52
Resulted conditional probabilities are in Table 5.4.7. The probabilities are very low,
which is just a result of the fact that our data for LTD ratios showed really small or even
negative correlation between banks. This means, that according to LTD ratio,
interconnection between tested banks is very low and so is the possibility of spreading
liquidity problems from one bank to another.
Table 5.4.7 Conditional Probabilities
Bank
GE Money Bank
Česká Spořitelna
Komerční banka

GE Money Bank
1.0000
0.0747
0.0558

Česká Spořitelna
0.0747
1.0000
0.0053

Komerční banka
0.0558
0.0053
1.0000

Source: Author’s calculations

The value of LTD ratio separating the 5 % of the worst historical ratio is for Česká
spořitelna 0.82734 and for GE Money Bank 1.39451. These numbers can be interpreted in
a way that each bank is keeping the value of LTD ratio at some level that is consistent with
its day-to-day functioning and bigger deviations from its average can be seen as risky
values of possible liquidity problems. Even though, LTD ratio for Česká spořitelna is very
low, due to smaller mean and deviation.

52

Denominator in equation 5.4.1 is in our case of normal marginals for each bank 0.05.
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6

Conclusion

Importance of managing liquidity risk was highlighted after liquidity problems during
financial crisis in recent years. We tried to research both market and funding liquidity risk
and their development in the last decade. We described general affects of liquidity
problems and responses in the world. More in detail we tried to model liquidity risk in
CEE countries and especially in Slovakia and Czech Republic.
Results of general measures of liquidity in CEE countries where we used liquid
assets-to-liquid liabilities ratio and cash-to-total assets ratio, showed the size of short-term
liquidity gap and also the level of effectiveness of banks in these countries. In comparison
to benchmark, set by Germany, we found noticeable ineffectiveness of keeping high
amount of cash on banks accounts, mainly in Romania and Bulgaria. The level of how
much liquid liabilities should be covered by liquid assets is maybe questionable, but
numbers under 60 % found in the last two years in Czech Republic and Lithuania seems to
be already in a danger zone.
For modelling market liquidity risk we chose Slovakia, where we created a market
liquidity index similar to indices in other countries. The whole market consists of four
submarkets: money market, stock market, bond market, and FX market. Each of markets
has factors that create the sub index and together they create the overall market liquidity
index. We put the highest weight on the money market that provided the biggest number of
liquidity indicators. For the period from January 2003 to December 2008 we found out that
the development of this index is first moving quite closely around historical average until
the liquidity stress in the end of year 2008. The highest positive standard deviation was
0.103 in July 2006 when were reached the best liquidity conditions in the market during
considered period. The fall after September of year 2008 created a negative standard
deviation 0.24. This deterioration of market liquidity seems to be significant in comparison
to the previous development, but it is not when it is compared to decrease in market
liquidity index in U.K. that reaches standard deviation around -4. We concluded that as in
Czech Republic, also in Slovakia deterioration of market liquidity did not cause any
trouble for individual banks in financial markets that did not face any bank runs.
To model liquidity risk with respect to further market contagion we used copula
functions that started to be very popular in the last years. To model market contagion in
Czech banking sector we used loan-to-deposit ratio to describe funding liquidity risk of
three banks: Komerční banka, Česká spořitelna and GE Money Bank. By calculating
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conditional probabilities of worsening this ratio in the sense of higher liquidity risk (ratio is
increasing) in one bank as a result of worsening ratio in another one, we create a
probability model that describes the possibility of spreading liquidity problems in banking
sectors. Results showed that due to the loan-to-deposits ratio there is very low chance that
banks would affect each other by worsening liquidity conditions in any of them.
In this thesis we illustrated some ways of modelling market and funding liquidity
risk with the use of copulas and certain ratios. Furthermore, we presented also other ways
that are challenges for future work. Implementing the coherent risk measures and redefining portfolio theory with included liquidity risk, as presented in section 2.3.3 is a new
way of possessing the liquidity risk. Consistent multivariate density optimizing method
presented in chapter 4 is improving the use of copulas in describing banking sector
stability, where the model is even more consistent with empirically observed data and
successfully used in the case of defaults of banks.
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Appendix
Figure A.1 Money Base in USA (left-hand scale, USD million) and Eurozone (right-hand
scale, in EUR billion) for period Jan 2007 - Nov 2009
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Source: FED, ECB monthly bulletins 2007-2009

Figure A.2 Liquidity ratio of UK banking sector

Source: Bank of England
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Figure A.3 Average ratio (Cash and Due from Central Banks) / Total Assets, Czech banks
(at last day of calendar year), in %
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Figure A.4 Average daily trading volume of Shares (right-hand scale) and Bonds (lefthand scale), monthly data for 2003-2008, in SKK million
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Table A.11 List of Banks used in section 5.2
Bulgaria (BG)
Allianz Bank Bulgaria
Bulgarian Development
Bank
Bulgarian-American Credit
Bank

Czech Republic (CZ)
Calyon Bank (till 2007)

Estonia (EE)
BIGBANK

Citibank (till 2007)

Estonian Credit Bank

Česká exportní banka

Lohmus Haavel &
Viisemann

Central Cooperative Bank

Česká spořitelna

Marfin Bank Estonia

CIBANK PLC
D Commerce Bank
DSK Bank Plc
Emporiki Bank
Eurobank EFG (Postbank)
First Investment Bank
International Asset Bank
Investbank Plc
MKB Unionbank
Municipal Bank Plc
ProCredit Bank
Raiffeisenbank Bulgaria
Societe GeneraleExpressbank
UniCredit Bulbank
United Bulgarian Bank
HUNGARY (HU)
Allianz bank
AXA Com.Bank Ltd
CIB bank
Citibank
Commerzbank
Deutsche bank
Erste bank
FHB Jelzalogbank Nyrt.
Fundamenta-Lakaskassza
KDB bank
K&H bank
MKB
OTP HU
Raiffeisen bank
Unicredit bank

Českomoravská stavební
spořitelna
ČSOB
eBank (till 2007)
GE Money Bank
J&T Bank
Komerční banka
LBBW (BAWAG)
Modrá pyramída
PPF banka
Raiffeisenbank CZ
Raiffeisen stavební
spořitelna
Stavební spořitelna České
spořitelny (till 2007)

SEB Bank
Swedbank
Tallinn Business Bank

Unicreditbank (HVB)
Volksbank CZ
Živnobanka (till 2006)
LATVIA (LV)
Aizkraukles Banka
Akciju Komercbanka
Baltikums
As PrivatBank
AS DnB NORD Banka
Baltic International Bank
GE Money Bank JSC
JSC Parex Bank
Latvian Business Bank JSC
Latvian Trade Bank
Mortgage and Land Bank of
Latvia
Latvijas KrajBanka
Norvik Banka
Regional Investment Bank
Rietumu Banka
SEB banka
SMP Bank
Swedbank
Trust Commercial Bank

LITHUANIA (LT)
AB DnB NORD Bankas
AB Parex Bankas
AB Ukio Bankas
Bankas Snoras
SEB Bankas
Siauliu Bankas
Swedbank
UAB Medicinos Bankas
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POLAND (PL)
Bank BGZ
Bank BPH
Bank Dnb NORD Polska
Bank Handlowy w
Warszawie
Bank Ochrony Srodowiska
Bank Polska Kasa Opieki
Bank Zachodni WBK
BRE Bank
Deutsche Bank PBC
Deutsche Bank Polska
Fortis Bank Polska
Getin Bank
ING Bank Slaski
Kredyt Bank
Noble Bank
Nordea Bank Polska
Powszechna Kasa
Oszczednosci Bank
Raiffeisen Bank Polska

SLOVENIA (SLO)
Abanka Vipa
Banka Celje
Banka Koper
Dezelna Banka Slovenije
Factor Banka
Gorenjska Banka Kranj
Hypo Alpe-Adria-Bank
NLB dd - Nova Ljubljanska
Banka
NLB Leasing Group
Nova Kreditna Banka
Maribor
Postna Banka Slovenije
Probanka d.d. Maribor
Raiffeisen Banka
SKB Banka
UniCredit Banka Slovenija

UniCredit Bank
ROMANIA (RO)
Alpha Bank Romania
Banca Comerciala Carpatica
Banca Romaneasca

SLOVAKIA (SK)
Citibank SK
CSOB SK
Dexia banka

Bancpost

Istrobanka

Bank Leumi Romania

J&T finance group SK (till
2007)

BRD-Groupe Societe
Komercni banka SK
Generale
CEC Bank
OTP banka
Credit Europe Bank
Postovna banka
Emporiki Bank
Prvá stavebná sporitelna
Eximbank of Romania
Slovenska Sporitelna
Intesa Sanpaolo Romania
Tatra banka
Marfin Bank
Unicreditbank SK
MKB Romexterra Bank
Volksbank SK
OTP Bank Romania
VUB
ProCredit Bank
Raiffeisen Bank
Romanian Commercial
Bank
Transilvania Bank
UniCredit Tiriac Bank
Volksbank Romania
GERMANY (GER)
Aareal Bank AG
Maple Bank GmbH
Bayerische Hypo-und
Mercedes-Benz Bank AG
Vereinsbank AG
Mittelbrandenburgische
Bayerische Landesbank
Sparkasse in Potsdam
BBBank eG
Münchener Hypothekenbank
Berliner Volksbank eG
Nassauische Sparkasse
Berlin-Hannoverschen
Norddeutsche Landesbank
Hypothekenbank AG Girozentrale NORD/LB
Berlin Hyp
BHF-Bank AG
Nord-Ostsee Sparkasse
BHW Bausparkasse AG

NRW.BANK

BMW Bank GmbH
Bremer Landesbank
Kreditanstalt Oldenburg
Citigroup Global Markets
Deutschland AG & co Kgaa
Comdirect Bank AG
Commerzbank AG
Credit Suisse (Deutschland)
Debeka Bausparkasse AG,

Oldenburgische Landesbank
ProCredit Holding AG
Saechsische AufbauBank
Forderbank
Sachsen-Finanzgruppe
Santander Consumer Bank
SEB AG
Sparda-Bank Baden91

Volksbank-Ljudska Banka

Sitz Koblenz am Rhein
DekaBank Deutsche
Girozentrale
DePfa Deutsche
Pfandbriefbank AG
Deutsche Apotheker- und
Aerztebank eG
Deutsche Bank Privat-und
Geschaftskunden AG
Deutsche Kreditbank AG
Deutsche Pfandbriefbank
AG
Deutsche Postbank AG
Deutsche Schiffsbank AG
Dexia Kommunalbank
Deutschland AG
Die Sparkasse Bremen
Dresdner Bank AG
DVB Bank SE
DZ Bank AG - Deutsche
ZentralGenossenschaftsbank
Evangelische
Kreditgenossenschaft eG
Foerde Sparkasse
Frankfurter Sparkasse
HASPA Finanzholding
HSBC Trinkaus &
Burkhardt
HSH Nordbank AG
Hypo Real Estate Holding
IKB Deutsche Industriebank
ING-DiBa AG
Investitionsbank Berlin
Kasseler Sparkasse
Kreissparkasse Biberach
Kreissparkasse Boeblingen
Kreissparkasse Esslingen
Nuertingen
Kreissparkasse Goeppingen
Kreissparkasse Heilbronn
Kreissparkasse Köln
Kreissparkasse Ludwigsburg
Kreissparkasse Muenchen
Starnberg

Württemberg eG
Sparda-Bank Südwest eG
Sparkasse Aachen
Sparkasse Bochum
Sparkasse Dortmund
Sparkasse Duisburg
Sparkasse FreiburgNordlicher Breisgau
Sparkasse Hannover
Sparkasse Heidelberg
Sparkasse Holstein
Sparkasse Karlsruhe
Sparkasse Krefeld
Sparkasse Leipzig
Sparkasse Mainfranken
Würzburg
Sparkasse Neuss
Sparkasse Nürnberg
Sparkasse Osnabrück
Sparkasse Pforzheim Calw
Sparkasse Saarbrücken
Sparkasse Südholstein
Sparkassen-Finanzgruppe
Hessen-Thuringen
Stadtsparkasse Düsseldorf
Stadtsparkasse Essen Sparkasse Essen
Stadtsparkasse Wuppertal
State Street Bank GmbH
TeamBank AG
Toyota Kreditbank Gmbh
UBS Deutschland AG
VALOVIS BANK AG
Volkswagen Bank GmbH
Volkswagen Financial
Services AG
Westdeutsche
ImmobilienBank AG
WestLB AG

92

Landesbank Berlin Holding
AG - LBB Holding AG
Landeskreditbank BadenWuerttemberg – Förderbank
M.M. Warburg & CO
Gruppe KgaA

WGZ-Bank -Westdeutsche
GenossenschaftsZentralbank
Wüstenrot &
Württembergische
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